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Gas flows through shallow T-junctions and parallel microchannel networks
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We apply a recent extension of the Hele-Shaw scheme to analyze steady compressible viscous flows
through micro T-junctions. The linearity of the problem in terms of an appropriately defined
quadratic form of the pressure facilitates the definition of the viscous resistance of the configuration,
relating the gas mass-flow rate to entrance and exit conditions. Furthermore, under rather mild
restrictions, the performance of complex microchannel networks may be estimated through
superposition of the contributions of multiple basic junction elements. This procedure is applied to
an optimization model problem of a parallel microchannel network. The analysis and results are
readily adaptable to incompressible flows. © 2010 American Institute of Physics.

[doi:10.1063/1.3481386]

I. INTRODUCTION

Junctions connecting microchannels are common ele-
ments of considerable importance in microfluidic devices
and occur in a variety of applications (e.g., rnixing,k3
emulsification,*™® gas distribution systems,%9 etc.). Liquid
flows through T-junctions have been studied via a combina-
tion of numerical simulations and experimental (micro par-
ticle image velocimetry) methods.'™"" We focus here on gas
flows, obtaining analytic approximations for the mass-flow
rate through the junctions, which are then applied to estimate
and optimize the performance of more complex network
configurations.

The use of current microfabrication technologies often
results in shallow planar configurations where fluid motion
takes place within the narrow gap between parallel planes.
Owing to the large surface-to-volume ratio associated with
the small length scales, these flows are nearly isothermal'*>"?
and the dominant balance involves pressure gradients and
viscous resistance. This balance gives rise to so-called low-
Mach compressibility, i.e., significant density variations
which are only accompanied by minor fluid accelerations.
Furthermore, under standard atmospheric conditions the
Knudsen number (the ratio of the molecular mean free path
to half the microchannel depth) is typically Kn=0.01-0.1,
corresponding to the slip-flow regime.

In the next section we outline our recent extension of the
Hele-Shaw scheme'>'® which is then applied to the study of
the compressible viscous flow through a shallow T-junction.
The analytic expressions thus obtained serve to define and
quantify the viscous resistance of the junction. In Sec. III we
illustrate the use of these results to the evaluation of the
performance of more complex channel-network configura-
tions. A brief conclusion follows in Sec. IV. The relaxation to
a uniform flow across straight channel segments is discussed
in the Appendix.

Il. GAS FLOWS THROUGH SHALLOW T-JUNCTIONS

We consider a steady compressible viscous flow through
the T-junction schematically depicted in Fig. 1(a). The junc-
tion of uniform depth 2H connects three straight channels of
uniform widths Wye=W, W, and Wgy, respectively. Gas
may enter or leave the junction through any of the connected
channels. The illustration describes outfluxes m through BC
and (Q-1)m through GH and (by mass conservation) an
influx Qm through EF. However, all possible situations and
geometries may be represented by appropriately selecting the
various widths and adjusting the value of the parameter Q
which may take any real, positive or negative, value. We
select a Cartesian system of coordinates whose x,y axes lie
at the configuration midplane and z is perpendicular thereto.
In subsequent analysis the x,y coordinates are normalized by
W and z by H.

Since the dominant balance involves the pressure gradi-
ents and viscous resistance, we scale the x,y components of
the fluid velocity by U=pH?/ uW, where p, is a character-
istic pressure drop and u denotes the fluid viscosity. The
z-component is accordingly normalized by UH/W. We here
focus on low-Reynolds-number flows,'*"? Re=py)UH/ n<<1,
(where p, is the gas density at the reference pressure)
through shallow configurations, i.e., when

H
——g<1. 1
woE (1)

Within the above scaling the steady isothermal gas motion is
to leading order governed by the dimensionless equation of
continuity

&—‘1<pu> " a—"y(;au) . a%(’”) -0 )

the Cartesian components of the equation of motion

Jdp Pu
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FIG. 1. A schematic description of (a) the shallow junction geometry and
(b) the corresponding planform domain.
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together with the equation of state of a perfect isothermal gas
p=p. (6)

At the small values of the Knudsen number typical of gas
flows through shallow microconfigurations the above are
supplemented by boundary conditions imposing the vanish-
ing of normal velocities and Navier-type conditions' speci-
fying the tangential velocity slip at solid walls, as well as
appropriate conditions regarding the pressure or mass-flux
density distribution across entrance and exit sections. Equa-
tion (5) implies a uniform pressure across the channel depth.
The standard lubrication-approximation argument then al-
lows for the integration of the remaining components, Egs.
(3) and (4), to express u, the in-plane velocity vector, in
terms of Vp, where V|=(d/dx,d/ dy) is the planar portion of
the gradient operator. Subsequent analysis of the present
compressible viscous-flow problem is facilitated in terms of
the quadratic form

G(x,y) = ¢p + NKngp (7)

defined within the two-dimensional planform domain formed
by the intersection of the configuration midplane and its lat-
eral walls. In Eq. (7) Kny denotes the value of Kn at the
reference conditions and \ is the viscous-slip coefficient'
(=1.14). From Eq. (6), Eq. (7) and the above-mentioned
expression of w; in terms of V;p one obtains the integral
relation
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1
J pudz=-V,G. (8)
0

Thus G(x,y) represents the scalar potential of the planar
mass-flux density vector. For €, Re<<1 we put forward the
asymptotic expansion

G ~ Gy+£cG, + O(%,€ Re). 9)

Our recent analysis15 has established that G, and G, are both
harmonic within the planform domain

ViG,=0, (10a)

ViG,=0. (10b)

At the lateral walls they satisfy the respective Neumann
conditions

dGy
770 _ 11
o (11a)
and
G, &G,
hid 20 , (11b)
on ds

where n and s are the local normal and tangential coordinates
at the lateral walls. By Eqgs. (8) and (9) these are supple-
mented by appropriate Neumann or Dirichlet conditions at
the entrance and exit sections according as the pressure or
mass-flux density distributions are specified there [see Egs.
(12) and (13)]. The O(1) parameter ¢ represents the effects of
the lateral-wall geometry (e.g., = 0.63 for rectangular cross
sections').

Calculation of G, and G, in the present problem is sim-
plified by replacing the actual entrance (EF) and exit (BC
and GH) sections by straight and uniform semi-infinite chan-
nels [cf. Fig. 1(b)]. With increasing distance upstream and
downstream of the junction we anticipate that G becomes
uniform across the width of these semi-infinite channels (see
the Appendix). For the present configuration with (dimen-
sionless) mass-flow rate m=1 at B..C., we obtain the far-
field conditions

G -1
—0=£, —Q , and -1, (12)
on dEF dGH

and
oG, 2 2(0-1
1 20 _H0-D 4 o (13)
on  dgp dey

across E.F.,, G.H,, and B.C,, respectively. The general
three-dimensional nonlinear compressible viscous-flow prob-
lem has thus been reduced to a pair of two-dimensional Neu-
mann problems which, for a given planform geometry, need
to be solved just once. In terms of G the above problem
formulation remains essentially the same for viscous incom-
pressible flows, provided that we modify the definition (7)
to G=p/3. It is useful to note that compressibility (as well as
rarefaction) effects are implicit in the definition of G. They
only become explicit when subsequent results are expressed
in terms of the pressure.
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To calculate G, and G; we apply the Schwarz—
Christoffel theorem to obtain the conformal transformation

T(é,) = g|:dEF tan_l(\"Z) + tanh"( \/%)
+dpe tan‘1<\/z)} (14)
a

mapping the planform domain in the physical t=x+iy plane
onto the upper half of the auxiliary complex {=§&+in plane.
The transformation parameters a, b appearing in Eq. (14) are
related to the geometric features of the junction through

a+b (b+1)a

) (l—a)\@ HG = (l—a)\r@. (15

EF

In the {-plane G is readily obtained as the real part of the
analytic function

Fo(0) =- }T[Q In(1+ —1n(1 _ f)

—(Q—l)ln<1+§>]. (16)

By use of this together with Green’s function for the
Neumann problem in the upper half plane we obtain

2
Gl(§)=—;[dgln|l+§|—ln l—g
EF
——(Q_l)ln‘1+£ }
GH a
1 ()| BB (5—/3)2“72}
T om _w{&ﬁ{lﬂﬁ)l]ln{ I P

(17)

Figure 2 illustrates the flow through the junction for
dop=1, dgp=1.5, and Q0=2.5 (a), 1.42 (b), and 1.25 (c) for
£—0 (so that G~ G,). Presented are the streamlines (solid
lines), isobars (i.e., level lines of G, dashed) and arrows
indicating the location of the stagnation points. Unlike
inertia-dominated isentropic flows these correspond to saddle
points rather than maxima of the pressure distribution. Since
the lateral walls are mapped on the real ¢ axis in the {-plane,
the location (&;,0) of the stagnation points is obtained from
dGy/ 9€=0 yielding

_b(a—l)Q+(a+b)
T (a-1)0-(a+b)’

Thus, for a specific geometry (given a and b) & is deter-
mined by the value of Q, Q=(a+b)/b(1-a) yielding £=0
corresponding to a stagnation point right at the corner of the
junction [Fig. 2(b)]. For Q=1 the specific value of Q deter-
mines the division of the mass outflux between the exit sec-
tions G..H., and B.,C.,, respectively [(see Fig. 1(b)]. As illus-
trated in Fig. 2, the dividing streamline meeting the lateral
wall at the stagnation point is thus shifting toward B..C., with
increasing Q and toward G..H.. with Q diminishing. Finally,
for future reference it is useful to note that within a single

& (18)
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FIG. 2. Streamline (solid lines) and isobar (dashed lines) patterns for
junctions characterized by dgp=1.5 and dgy=1 for (a) 0=2.5, (b) 1.42, and
(c) 1.25.

channel width upstream or downstream of the junction, G
already becomes nearly uniform across the channel which
[by Eq. (8)] implies that the same is true of the fluid mass-
flux density. This is further discussed in the Appendix.

Typical of compressible flows is the nonlinear stream-
wise variation of the pressure which stands in the way of the
definition of the configuration viscous resistance as an intrin-
sic property of its geometry. However, the linearity of the
problem in terms of the quadratic form G allows for the
proportionality relation

Ger— Gge=mR(Q,dgr,dpg:Ler, Lyg,Lgcie,¢)  (19a)

involving the difference between the (presumed uniform) en-
trance and exit values of G and the mass flow rate m (nor-
malized by 2H’pyp,/wm). The proportionality coefficient
which depends on the geometric features of the configuration
(see Fig. 3) and the parameter Q effectively represents the
viscous resistance between the entrance (EF) and exit (BC)
sections. Based on appropriate reinterpretation of the param-
eters one obtains the corresponding resistance between HG
and BC via a symmetry transformation as

Gug — Gpe=mR(- Q + 1,dyc,dgp, Ly, Ler, Lpc + dpc

= dgr;&,0). (19b)
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FIG. 3. The planform domain of the finite junction. All dimensions are
normalized by W [Fig. 1(a)]; mass-flow rates are scaled by 2H>pyp,/ .

The above analysis is applicable to obtain an analytic
approximation for R. By the boundary conditions (12) and
(13), far upstream and downstream of the junction the differ-
ences between the actual values of G and those occurring in
straight and uniform channels of equal respective widths ap-
proach finite limits. These limits represent the so-called mi-
nor losses'” associated with the presence of the junction as
an additional equivalent length of a uniform channel of unit
(dimensionless) width. Thus, for the flow between E_.F., and
B..C,, we define

A= lim [G— (x+ 1)(1 +2iaﬂ
o dypr

—lim[G + y(1 + 2¢&c)]. (20)

y—®©

Making use of Egs. (16) and (17) we evaluate these limits to
obtain A~ Aj+ecA;, where

2] d _
AO = Qﬁtanh_l(\”;) - dEF tan'l(\s’b)
r dEF

-1 [(1+b)(1—a)] (1+b)
+ In +In| —=
2 4(a+b) Mb

Q|7 (L —1(\/E>
+dEF|:2 tan (\’,Z>}+dHGtan ; (21)

2 dpp—d
A =— 7—T<1 + g) - ZQEF—fGtanh_](v’;)
| 2 dgr (dgr)

_ = g -1(\p
Z(dEF (dEF)2+dEF>tan (Vb)

!/_ /_
/b(Na—-1 b
+ 2 tan_l M + 2dHG tan_l( \/i)
Va+b a

The forgoing calculation applies for a junction connect-
ing semi-infinite uniform channels. It may nevertheless be
used to estimate the viscous resistance of a finite configura-
tion [cf. Figs 1(b) and 3] provided that Lgy and Lg. are
sufficiently large for Egs. (12) and (13) to be approximately
satisfied at the actual entrance and exit sections. Indeed, as
observed in Fig. 2 (and discussed in the Appendix), unifor-
mity of G is nearly established within a relatively small

(22)
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FIG. 4. Variation of r, the ratio between the values of Ggr—Gpe (circles,
stars) and Ggy—Gpe (squares, triangles) obtained from Eq. (19) and the
corresponding values obtained by numerical simulations with & for (a)
Re=0.1 and with Re for (b) £=0.1. In all cases dyG=0.75, Lgg=Lys=1.5,
and Lgc=2. The circles and squares mark junctions with dzr=1.25 and the
stars and triangles mark junctions with dr=0.75 (with 2e=1 corresponding
to a square cross section at BC).

distance upstream or downstream of the junction. We thus
estimate

R(Q’dEF’ dHG’LEF’LHG’LBC)

~ A+Qﬁ<1 +2ai) + Lye(1 +267). (23)
dgr dgr

The above results have been tested by comparison to finite-
element (COMSOL 3.4) simulations of the flow based on the
full three-dimensional Navier—Stokes equations. Figure 4
presents the ratio r of the corresponding values of Gpgp
—Gpc and Ggy—Gpe obtained from the analysis and simula-
tions for given junction geometries and mass-fluxes. A rect-
angular channel cross section and various values of the pa-
rameters characterizing the configuration planform were
examined. Figure 4(a) confirms the quadratic O(g?) error
predicted by the analysis. Furthermore, while the present
analysis assumes Re<<1 effectively neglecting fluid-inertial
effects, comparisons with the simulations for £=0.1 [Fig.
4(b)] nevertheless demonstrate deviations smaller than 5%
up to Re=6.

As mentioned in Sec. I, gas flows through microconfigu-
rations under standard atmospheric conditions correspond to
the slip-flow regime. In the above analysis the accompanying
rarefaction effects are embodied in the definition (7) of G
and become explicit when expressing the results in terms of
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the pressure. To examine the effects of the Knudsen number
we consider the variation of the reference value Kn, through
a similarity transformation of the geometry while all en-
trance and exit conditions remain fixed. For a microchannel
consisting of single entrance and exit sections variation of
Kny does not change the streamline pattern or the value of
the resistance function R. Thus, with increasing Kn, under
given entrance and exit pressures AG increases or, equiva-
lently, for a prescribed AG the requisite pressure drop dimin-
ishes. This reflects the diminution of the viscous resistance
resulting from the velocity slip at the channel walls."

Contrary to the above, for a configuration consisting of
multiple entrance or exit sections variation of Kn, modifies
the streamline pattern and the viscous resistance function R.
To see this we substitute the definition of G Egs. (7) in Eq.
(19) to obtain for the junction

é(PéF—Péc) +NKny(pgr—ppc) =R(Q,...)m (24)

and
é(szH_plZSC) +NKny(pgy —pec) =R(1 = Q,..)m. (25)

When varying Kn, while keeping entrance and exit pressures
fixed, the various differences AG change nonuniformly (each
varying according to the corresponding pressure drop). Con-
sequently, the parameter Q representing the mass-flux distri-
bution and (cf. Fig. 2) the corresponding streamline pattern
change and so does R. From Eq. (21) to Eq. (23) we see that
for a specific geometry Ay, A; and hence R are linear func-
tions of Q. Making use of these in Egs. (24) and (25) we
obtain a system of algebraic equations for m and Q. The
division of Eq. (24) by Eq. (25) yields Q which, unless
PEer=Pcn» varies nonlinearly with Kn(. This variation is pre-
sented in Fig. 5(a) for a junction whose geometric param-
eters are detailed in the caption at the indicated pairs of di-
mensionless entrance and exit pressures. We note a
significant relative variation of Q which, as can be antici-
pated from the above discussion, increases with increasing
difference between pgr and pgy. Once Q has been calcu-
lated, the variation of R with Kn, is readily obtained from
Eq. (21) to Eq. (23) [see Fig. 5(b)]. Employing these same
expressions one may eliminate Q between Egs. (24) and (25)
to obtain the (linear) variation of m with Kn, for given pres-
sures and geometry.

lll. AN ILLUSTRATION: PARALLEL-CHANNEL
NETWORK

We now apply the above analysis to study the flow in gas
distribution systems such as the one schematically depicted
in Fig. 6, consisting of N parallel (vertical) channels connect-
ing the feed and drain (horizontal) channels. A common op-
timization 1requirement7_9’]8 is to have equal mass-flow rates
through the N parallel channels. For the present illustration
we consider a system formed by placing between the top and
bottom plates the (hatched) N—1 identical evenly spaced
rectangular parallelepiped obstacles. Thus, the entire con-
figuration is specified with the exception of the gap widths
wy (k=1,2,...,N—1) which are to be selected so as to sat-
isfy the above flux-uniformity criterion.
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FIG. 5. Variation with Kn, of (a) Q, the mass-flux distribution parameter
and (b) R, the viscous resistance, normalized by their corresponding values
at Kny=0. The junction geometry is defined by dgr=1, dy;=0.75,
Lgr=Lypg=2, and Lgc=3. The normalized pressures are pzco=1 and
(PersPor)=(1.5,0.5; solid lines), (1.25,0.75; dashed lines) and (1.1,0.9;
dotted lines).

We have noted in Fig. 2 that G becomes nearly uniform
across the channel width within a relatively short distance
upstream or downstream of the junction. Provided that such
uniformity is also achieved in the present application (see the
Appendix) we may neglect hydrodynamic interactions be-
tween adjacent junctions and use the results of the preceding
section to estimate the performance of the entire network
through adding up separate contributions of junction ele-
ments (as the one marked by the shaded area in Fig. 6).

By equating the respective pressure drops along all paths

Sy

m=N

s “lk+1 \f ]
NN
By Bya

=1 n-L\ =1 &Imﬂ

i Wk-1 Wi Wi1
L A
Vi1 Yk Vke1

FIG. 6. (Color online) A schematic description of a parallel-channel gas
distributor.
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from the inlet to the outlet sections we obtain the system of
N-1 equations

[G(v) = G(BY]+ [G(Brsr) = G(¥))]
=[G(a) = G(B) ]+ [G(Bys1) — G(ay)],
(k=1,2...N-1). (26)

From the above discussion, each of the differences in square
brackets may then be approximated by a relation similar to
Eq. (23) while requiring equal mass-flow rates through all of
the parallel channels. For instance the first term of the left-
hand side of Eq. (26) representing the effect of the shaded
junction is

[G(Yk) - G(:Bk)] = mR(Wi_1, Wy, ...), (27)

where the explicit dependence of R upon all other (a priori
known) parameters has been omitted. Making use of Egs.
(20)—(23) we obtain from Eq. (26) a system of N—1 equa-
tions for the unknowns w; (k=1,2,...,N-1).

The calculation is illustrated for the distribution system
consisting of four parallel channels depicted in Fig. 7. The
dimensionless widths of all parallel channels and rectangular
obstacles are equal to unity. The normalized lengths of the
latter are equal to 8.5 and the corresponding dimension of the
entire system is 10. The widths of the entrance and exit sec-
tions are both equal to 1.5. Presented in the figure are the
streamline (solid lines) and isobar (dashed lines) patterns for
the flow of air when H=1 um, £=0.1 and Re=0.1 as ob-
tained via finite-element (COMSOL 3.4) simulations. In part (a)
all w, are equal whereas in part (b) they are obtained from
the solution of Eq. (26). Focusing on the bold streamlines
dividing the system into four domains of equal mass-flow
rates, we see that in part (a) of the figure the mass flow rates
through the side channels are significantly larger those
through the middle pair. Turning to part (b), it is evident that
the present procedure results in the required uniformity. The
same conclusions result from examining the density of the
equidistant isobars in conjunction with Eq. (8) for the mass-
flux density. The simulation results indicate that relative de-
viations between the mass flow rates through the various
parallel channels are within 1%. (A useful byproduct of the
optimization requirement is a 6% increase in the total mass
flow rate for given entrance and exit conditions.)

IV. CONCLUDING REMARKS

Our recent extension of the asymptotic Hele-Shaw
scheme has been applied to analyze gas flows through
T-junctions connecting shallow microchannels. The linearity
of the problem in terms of G, the quadratic form of the
pressure [Eq. (7)], allows for the definition of the viscous
resistance as an intrinsic property of the configuration. Fur-
thermore, under rather mild restrictions, the performance of
complex systems (e.g., microchannel networks) may readily
be estimated through adding up the contributions of simple
basic (junctions) elements (similarly to the calculation of
electric circuits). While simulation of the flow through any
given configuration is, in principle, rather straightforward,
mapping of the entire multidimensional parameter space may
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FIG. 7. Midplane streamline (solid lines) and isobar (dashed lines) patterns
in a model shallow parallel microchannel network. The bold solid lines mark
the division into four equal portions of the total mass-flux. The figure pre-
sents (a) a network in which w; are uniform, (b) an optimized configuration
calculated by use of Eq. (26). The simulation is of air flow for H=1 um,
£=0.1, and Re=0.1 (based on configuration depth). Values of the geometric
parameters are detailed in the text.

become prohibitively tedious. The present scheme thus pre-
sents a useful alternative in the preliminary design and opti-
mization of microfluidic devices.

APPENDIX: RELAXATION TO A UNIFORM FLOW
ACROSS STRAIGHT-CHANNEL SEGMENTS

1. Calculation of G

Consider a straight and uniform channel segment of di-
mensionless length /. The leading-order G|, satisfies Eq. (10a)
for 0=x=/ and 0=y=1 together with the homogeneous
conditions [Eq. (11a)] at y=0,1 and the conditions

3Gy J V() at x=0
ox | ) at x=1

where f;5(y), which satisfy [if,(y)dy=[{f>(y)dy to ensure
well posedness of the above Neumann problem, are other-

(A1)
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wise arbitrary distributions. Separation of variables readily
yields the solution

Go=AVx+C? + > {A? cosh(nmx)
n=1
+BY cosh[nm(l - x)}cos(nmy), (A2)

where C© is an arbitrary constant, Af)o)z I éﬁo)(y)dy and
5 1
[AEO)’BS«,O)] = —f [f{ZO)(yl)v_f(]O)(yl)]
nar sin(nrl) J

Xcos(nmy;)dy;. (A3)

From these we see that the nonuniform (y-dependent) parts

of G, behave like
cosh(nmx) cosh[n(l - x)]

sinh(n i)

—n(l-x) —-nmx

E}

sinh(nl)
(A4)

respectively, i.e., they essentially decay within a single chan-
nel width from the entrance (x=0) and exit (x=[) sections.

The correction term G, is governed by Eq. (10b) in con-
junction with dG,/dy=dGy/dx> at y=0,1 [Eq. (11b)] as
well as entrance and exit conditions similar to Eq. (Al)
where the distributions f<10>(y) and fgo)(y) are replaced by
fﬁ”(y) and f(zl)(y), respectively. To calculate G; we present it
as the sum

G, =G+ 2 nm{AY cosh(nmx)

n=1

+BY cosh[nm(l - x)|}sin(nmy), (A5)

where Aio) and Bflo) are given in Eq. (A3) and Gy,
satisfies a Neumann problem similar to that governing
G, where ffo)(y) (i=1,2) appearing on the
right-hand side of Eq. (Al) are now replaced by
ﬁl)—22:=1f§0)(y1)cos(nﬂy1)dyl sin(nmy,) (i=1,2). Thus
similarly to Eq. (A4), the y-dependent parts of G,, decay
exponentially rapidly with increasing distance from the en-
trance and exit sections.

2. The flow through a channel segment
connecting a pair of adjacent junctions

To further clarify the relaxation to uniformity in the con-
text of parallel-channel networks we have simulated the flow
through a configuration consisting of a pair of junctions in
close proximity, schematically depicted by the inset in Fig. 8.
In these simulations the indicated passage width w has been
varied while keeping all other configuration parameters
fixed. The figure presents the approach to uniformity of the
pressure distribution over the cross section marked by the
dashed line halfway between the adjacent junctions. This is
described through the decrease with I/w of o, the standard
deviation of the pressure distribution (normalized by the
smaller of the total pressure drops between this and each of
the downstream exit sections). Evidently, for [/w=1 o is
negligibly small (in fact it is already less than ~1072 for
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FIG. 8. Variation with the ratio I/w of o, the standard deviation of the
pressure distribution across the channel section halfway between the adja-
cent parallel channels (indicated by the dashed line in the inset).

[/w>2/3). Further evidence in support of the neglect of
hydrodynamic interactions is provided by Yu et al.” who
studied gas flows through multicavity shallow microchan-
nels. Specifically, they observed that, once the distance be-
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