SOME SUMS OVER IRREDUCIBLE POLYNOMIALS

DAVID E SPEYER

ABSTRACT. We prove a number of conjectures due to Dinesh Thakur
concerning sums of the form ), h(P) where the sum is over monic
irreducible polynomials P in F4[T], the function h is a rational function
and the sum is considered in the T~ *-adic topology. As an example of
the simplest of our results, in Fo[T], the sum >, P+H always converges
to a rational function, and is 0 for k = 1.

1. INTRODUCTION

The point of this document is to explain some identities experimentally
found by Dinesh Thakur, involving sums over irreducible polynomials in
finite fields. We begin by stating the simplest of these identities: Let P be
the set of irreducible polynomials in F3[7]. Then

1
> Fi-

Here the sum must be interpreted as a sum of power series in 7. For
example, the first five summands are

= = T 4T 247734,
(T+11)1 = 7 I

T L T24T
G T
W = T34,

As the reader can see, only finitely many terms contribute to the coefficient
of each power of T~1, and the coefficient of T~/ is 0 for each j.

We now introduce the notation necessary to state our general results. To
aid the reader’s comprehension, we adopt the following conventions: Integers
will always be denoted by lower case Roman letters (k, p, ¢ ... ); polynomials
over finite fields will always be denoted by capital Roman letters (A4, F', P

.. ), sets of such polynomials will always be denoted by calligraphic letters
(A, P, R, ...), symmetric polynomials will be denoted by bold letters (e,
Ppy ---). Of course, there will be other sorts of mathematical objects as
well, which we trust the reader to accommodate as they occur.

Let p be a prime and g a power of p. Let F; be the field with ¢ elements.

Let R be the polynomial ring F,[T]. Let K be the fraction field F,(7) and
1
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let K be the T~ '-adic completion of K. All infinite sums will be understood
in the T '-adic topology.

Let P be the set irreducible polynomials in R; let P; be the set of monic
irreducible polynomials. Here is our main result for the case p = 2.

Theorem 1.1. If p = 2 then, for any positive integer k = 0 mod q — 1, the
sum
> p
Pk —1
PePy
is in K.
The reader may wonder what happens is we sum over all irreducible poly-

nomials rather than monic ones; that is an easy corollary:

Corollary 1.2. For any positive integer k, the sum
>
Pk —1
is in IC.

Proof. We rewrite the sum as ) pep, D cpx (
q

ﬁ. The corollary then

follows from the identity

1 1
Z (aX)F—1 XLCM(ka—1) _q

a€F§

in Fy(U). To prove this identity, write
1 [e.o]

T~ X e

j=1

m {1 m=0modqg—1
> an - .

0 otherwise
aEF;

and recall that

O

We now discuss the case of a general prime. Define the rational function
Gp(U) by
(-t7) - -vy

When p = 2, we have Gy (U) = 252205 = U/(1-U), s0 Go(1/P) = 1/(P—1).

When p is odd, we have the following alternate expressions for G,:

Proposition 1.3. Ifp is odd, then, as rational functions in F,(U), we have

S U .
GP(U) ==L = Z &
1-U)r 0<j<oo ’
7#Z0 mod p
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Proof. If p is odd, then (1—UP) = (1—U)? = Y= (=1)i~1 ()U7. (If p =2,
there is also a 2U? term.) We have

—1)7-1 1)t p-Dp-2)---(p—j+1) 1
D2 (0)_ DG YomDpih) Ly,
P\ L2 (5= 1)) j
This proves the first equality, and the second is immediate. ([

Theorem 1.4. For any positive integer k = 0 mod ¢ — 1, the sum
Y Gy(1/P)
PeP,y
is in IC.
As we noted, Go(1/X) = 1/(X —1), so Theorem 1.4 implies Theorem 1.1.
Once again, we have a trivial variant where we sum over P:

Corollary 1.5. For any positive integer k, the sum

> Gp(1/PY)

pPeP
is in IC.
Proof. If p = 2, we proved this in Corollary 1.2, so we may (and do) assume

p is odd.
As in the proof of Corollary 1.2, we rewrite the sum as ) | pcp, ZaeIF; Gp(1/(aP)k).

We now need the identity
Z Gp((aU)k) = GCD(q —1, k)Gp(ULCM(q—l,k))

aEF;

inFq(U). To prove this identity, we use the formula Gp(U) = 3,0 mod p U’ /j

and the identity
Z {q—l m_Omodq—l
a™

otherwise
aEFX
So
1
Z Gp(1/(al)*) = Z Z (g—1) Z Ik
aeF; 7#Z0 mod p EFX j#Z0 mod p
kj=0 mod g—1
Putting kj = LCM(q — 1, k)¢, this is
k(g—1 _
(= 1) X420 mod p TR0 TEOMGTAE = LCI\/(I%qfi,k) (UML)
GCD(q — 1, k)G (ULCMa—1k))

as required. O

We also compute explicit values for the sum when £ is not too large.
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Theorem 1.6. Let k = (q—1)0. If 1 <€ < q/p, then' Y pep Gp(1/P*) = 0.
If q/p+1 < € <2q/p, then

> Gp(1/Ph) =t

PePy

(T7 — T)q+1
(T9* —T9) (T4 — 1)

In principle, our methods are capable of computing »pep, Gp(1/ P*) for
any k = 0 mod ¢ — 1, but they become impractical beyond ¢ = 2¢/p.

1.1. History of the problem. Dinesh Thakur experimentally discovered
most of the relations described above in characteristic two, and suspected
there should be similar results in odd chracteristic. Thakur published these
computations them in a preprint entitled “Surprising symmetries in distri-
bution of prime polynomials”, arXiv:1512.02685. At Thakur’s suggestion,
Terence Tao promoted the problem in posts on his blog and on the Poly-
math blog. I am grateful to Thakur for finding such an elegant problem and
to Tao for bringing it to my attention. My thanks also to all who partici-
pated in the discussion on the Polymath blog — Noam Elkies, lan Finn, Ofir
Gorodetsky, Jesse, Gil Kalai, David Lowry-Duda, Dustin G. Mixon, John
Nicol, Partha Solapurkar, John Voight, Victor Wang, Qiaochu Yuan, Joshua
Zelinsky.

2. THE CARLITZ EXPONENTIAL, AND SYMMETRIC POLYNOMIALS
The main tool in our proofs is the theory of the Carlitz exponential. Put

D; = (T% —T)(T9 — T (T% — Ty (T — T4 ).

i—1

Define ‘
[e.e] qu

ec(Z) = D,

J=0

this sum is 7~ !-adically convergent for any Z € K. We will make use of the

product identity:
ec(nZ) Z
= 1 —_
nZ H ( * A

AeR\{0}

where 7 is the element of K(“V/T) such that the coefficients of Z9~! match.
This identity should be thought of as similar to Euler’s identity:

] (1),

aGZ;ﬁo

We introduce the notations A for the nonzero polynomials of R, and Ay
for the monic polynomials.
Writing ey, for the elementary symmetric function of degree k, this implies

/D, k=¢ —1
0 otherwise

er(1/A)aca = {
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Since the ring of symmetric polynomials is generated by the ey, we deduce

Proposition 2.1. If f is a homogenous symmetric polynomial of degree k,
then f(1/A)aen is in TFK.

Here we note that f(1/A)ac4 is always defined, since only finitely many
terms contribute to the coefficient of any particular power of 7.

The above considers symmetric polynomials in {1/A}sc4, but we would
rather restrict to the case of A monic. To this end, we have

Proposition 2.2.

. _1)lrlaDp; ¢ = 2=
eo(1/AT ") peu, = {(() ) 1 other(g;se

Proof. Grouping together scalar multiples of the same polynomial in the
Carlitz product identity, we have

ecT(r;Z) _ H (1 _ ij) '

Ac Ay

Equate coefficients of Z4~1 on both sides. O

Corollary 2.3. If f is a homogenous symmetric polynomial of degree £,
then f(1/ATY) gca, is in 78~V

3. PROOFS OF RATIONALITY

We now have enough background Theorem 1.4 and, hence, Theorem 1.1.
Throughout, let £ = 0 mod ¢ — 1.
Consider the symmetric polynomial

g,(X1, Xa,...,) = ; (Sx) -y )

The polynomial g, has integer coefficients, so we may discuss plugging ele-
ments of K into it.

Let C be the cyclic group of order p, and let C' act on A} by rotating
coordinates. Let A denote the small diagonal: A := {(A, A,..., A)} C AL.
Then |

9p(1/AF) aca, = > Ak Ak AR

» 142 Ay
(A1, Ap)E(ATN\A)/C
The sum is over cosets for the free action of C' on AP \ A.
Let

P = {(Al,...,Ap) S Azf : GCD(Al,...,Ap) = 1}.
Any (4i,...,4,) € AY can be uniquely factored as A; = DB; for some
D e Ay and (By,...,By) € ®. So we can factor the above sum as

1 1
gp(l/A )AEAl = § : DFkp BkBk ... Bk
DeA, (B1,..Bp)€(@\{(1,..,1)})/C 172 P
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Now, from Proposition 2.3, gp(l/Ak)AeA, is in 7P*IC. Also from Proposi-
tion 2.3, > pea, 1/D*P is in 7P*IC, and a quick computation shows that this
sum is 1 plus terms in ¢~'Fy[[t7!]], so it is not zero. We deduce that

1
> Emom e
(Bi,...Bp)e(®\(1,...,1))/C 172 p

For B € Ay, let ¥(B) be the set of p-tuples (Bi, Ba, ..., B,) for which
GCD(By,...,By) =1 and [[B; = B. Let ¢(B) = #V(B). So we have
shown that

Z w(Bz/p cK.
BeAi\{1}
Here, to interpret the numerator, we must divide 1)(B) by p as integers and
only then consider the quotient in [Fy,.

If B = PFPf2... P5 then there is an easy bijection between ¥(B) and
U(PF) x W(PS2) x - x W(PFr), so op(B) = [[(PF). If P is irreducible
then v (P") is divisible by p for any r > 0, since C acts freely on W(P").
So, if B is divisible by two different irreducible polynomials, then ¥ (B) is
divisible by p?. So we can rewrite the sum as

Z i P/ p.
Prk
pPeP; r=1

We now compute 1 (P"); which is the number of p-tuples (P™,..., P'?)
with [[P" = P" and GCD(P™,...,P"™) = 1. In other words, we must

count (r1,...,7p) € Z2, with ) r; = r and min(ry, ..., rp) = 0. The number
of (r,...,rp) € Z%, with S r; = r is the coefficient of U in 1/(1 — U)P.
In order to impose min(ry,...,r,) = 0, we subtract off the terms with
min(ry,...,7p) > 0. These are in bijection with (s1,...,sp) € Z2, with

p+ Y s; =7. So (p") is the coefficient of U™ in 1/(1 —U)P — UP /(1 —U)P.
In other words, > 2 (P")U" = (1 -UP)/(1 -=U)P. So

e O O el L
» wu _p<(1_U)p 1) =G,(U).

r=1

We deduce that » 7, ij:g/p = G,(1/P*¥). We have now shown that

> pep, Gp(1/P*) € K, as claimed. O
We record the specific formula we have proved:

Proposition 3.1. Let k be a positive integer. Then

B\ gp(l/Ak)A6A1
P%:)I Gp(1/P") = S nen /AP

We will rewrite this formula in various ways in Section 5. We remark that
this formula is correct even if k is not divisible by ¢ — 1, although we have
only shown the ratio is in  when £ =0 mod ¢ — 1.
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4. VANISHING

We will now prove the claim in Theorem 1.6 that the sum vanishes when
k= (q— 1) for 1 < ¢ < gq/p. From Proposition 3.1, it is equivalent to
show that gp(l/Az(q_l))AeA1 = 0. To this end, we must explicitly write
gp(l/Ag(q_l)) as a polynomial in the ey (1/A4971).

The variables A or p will always denote partitions, meaning weakly de-
creasing sequences (A, Aa,...,A,) of positive integers; sums over \ or p
implicitly contain the condition that the summation variable is a partition.

We define ey = [[, e),. The symmetric polynomials ey form an integer
basis for the symmetric polynomials with integer coefficients.

Lemma 4.1. Write

gp(Xf,Xg,...,): Z c,\e)\(Xl,Xg,...)
|Al=pt

for some integers cy. Then c11..1 = 0.

Proof. Note that eq1...; is in the only ey with a nonzero coefficient of Xfé.
The coefficient of Xfé in g,(X{,X%,...) is clearly 0. O

Now, suppose that ¢ < ¢/p, so we have p/ < g+ 1. So any partition
(A1,...,Ar) of pl other than (1,1,...,1) contains a \; between 2 and ¢q. By
Lemma 2.2, €,(1/A9 Y acy, = 0 for 2 < m < g, s0 ex(1/A97 N acy, =0
whenever A is a partition of pf other than (1,1,...,1). We deduce that
9,(1/AT ) ac 4, = 0 as desired. [

5. COMPUTATIONS FOR SMALL k

In this section, we will discuss the computation of > pcp 1/ P* for k =
0 mod ¢ — 1 and, in particular, prove the remaining half of Theorem 1.6.
Our strategy is to combine Propositions 3.1 and 2.2. We must compute
gp(l/Ag(q_l))AeAl and » 44, 1/APk. Note the latter is (p,(1/A77 1) aca, )"
We write k = (¢ — 1)£.

Put
gp(Xf,Xf, ce ) = ZW:EP C)\e)\(Xl,XQ, .. )
pé(Xla XQ, e ) = Z|M|:Z dueu(Xl, XQ, .. )
Note that €,,(1/A971) 4c 4, = 0 unless m is of the form (¢/ —1)/(q —1). So
we only need to sum over partitions where all the parts of A are of the form
(¢ =1)/(g—1).
From now on, we now impose that ¢/p+1 < ¢ < 2¢q/p. So l <
q + 1. Any partition of ¢ cannot contain any parts of size (¢ — 1)/(q —
1), for 7 > 1. Similarly, p/ < 2q + 2, so a partition of pf can contain
at most one part of size (¢> —1)/(¢ — 1) = ¢ + 1 and no parts of size
(¢ —1)/(g—1) for j > 2. We deduce that the only terms which contribute
to our final answer come from A\ = (1,1,...,1) or A = (¢ +1,1,1,...,1)
when computing gp(l/Ae(q_l))AeAl, and from p = (1,1,...,1) in computing
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(pg(l/Aq_l)AeAl)p. Moreover, from Lemma 4.1, the coefficient ¢y ;1) is
Z€ero.

We deduce that

> 1/Pk _ Sgrraptmaty) e(q+1,1p€fq*1)(1/‘1(1_1)146%\1
PePy (dye e;e(1/A17 ) aca, )
Clq+1,1PE—a—1) eq+1(1/Aq71)A€A1(el(l/Aqil)AeAl)
7
dye (er(1/A171) sea, )"
Clq+1,1p0—a—1) eq+1(1/Aq71)AeA1
+1
dle (el(l/Aqil)AG.Al)q

pl—qg—1

Here 17 is shorthand for r parts equal to 1.
We now use Proposition 2.2. The powers of m and (—1) cancel to give

> 1Pk = Clqr1ar-a-1) DY cqpapeaty  (T9 - T)TH!
dye D, dye (T —T9)(T?* — 1)

PePy

To finish the computation, we must find c,; jps—1 and dye. The latter

is easy: Comparing coefficients of X} on both sides of p,(X1, Xa,...) =
> jul=t uen(X1, Xz, ...), we deduce that dje = 1.
To compute ¢(41 1 1p-4-1), we begin with the formula

~

g,(X1,X5,..) == (pe(X1, X2, ..., )P — Dp(X1, X2, ) -

==

For brevity, we write f(X) to indicate that the inputs to a symmetric poly-
nomial are (X1, Xo,...). Note that we are working with symmetric polyno-
mials with integer coefficients, so it makes sense to divide by p.

We rewrite the right hand side of the previous equation as

1 p
Z; ((e1(X)€ + - ) — (el(X)Pf +dq+1,1p¢fq71€q+1(X)el(X)pé_q_l 4. )) ‘
Here the ellipses denote terms ey where A has some part not of the form
(¢/ —1)/(q¢ —1). We deduce that
1
Cgt1,1pt—a-1 = _Z;dq+1,1pﬂ—q—1-

Now, observe the identity

T (1) 'p;(X)U

J
; = Zlog(l + X;U)

=log [J(1+ X;U) = log (1 + i em(X)Um> :
7 m=1

(=pr* Ppe- Expanding the log on the right

pl
hand side as a Taylor series, only one term contributes to U pzeqﬂeﬁw*q*l.

The coefficient of UP¢ on the left is
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So we obtain
(-1t

p) = T (0
pt P

pl—q 1
where the ellipses denote a sum of ey other than e,y (X)e? 71 (X). So
dyi1 1pe-a-1 = (=1)9pl and ¢y q 1ps—1 = (—=1)77'¢. Plugging into our previ-
ous formula, and using that (—1)9~! = 1 mod p,

B (T9 — T+
P%:Dl /P = E(qu —Ta)(Te* —1)

This concludes the proof of Theorem 1.6. [J
We conclude by verifying one Thakur’s conjectures which goes beyond
the range ¢ < 2¢q/p. Let p = ¢ = 2. Thakur conjectures

)eq+1(X)e’f£_q_1(X) +o-

> =
3 _ - 4 2"
PePIP 1 T4+ T

We begin by computing
p3(X) = e1(X)3+3e3(X)? - 3ex(X)e1(X)
p3(X)?2 = e1(X)5 +6e1(X)3e3(X) + 9ez(X)2 +---
Here and in the following equations, the ellipses denote e) terms where A
contains a part other than 1 and 3. (Note that (23 —1)/(2 —1) = 7, too
large to contribute to a symmetric polynomial of degree 6.) Similarly,
Ps(X) = e1(X)® + 6e1(X)*es(X) + 3e3(X)? + - --
So

92(X%7Xga )= (P3(X)2 —PG(X)) = 363(X)2 +-

N

and
6 0
- D2 - (TY = T2)2(TA —T)2
(Recall that we are working modulo 2,s0 3 =1=—1and 2=0.)
Similarly,

Pe(1/A)aca, = (e1(1/A)aen,

92(1/A%) aca, = (e3(1/A) aca,)’

62+ (es(1/A) aea,)’

We verify Thakur’s claim:

1 1/(T* = T%H*(T* — T)? 1
3 /(( )*( )7)

P5—1 1/(T2 =TS +1/(T =TT =T)2) T +71%

PePy



