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Abstract

Regularization is a popular method for interpolating sparse data, as well as smooth-
ing data obtained from noisy measurements. Simply put, regularization looks for an in-
terpolating or approximating function which is both close to the data and also “smooth”
in some sense. Formally, this function is obtained by minimizing an error functional
which is the sum of two terms, one measuring the distance from the data, the other
measuring the smoothness of the function.

The classical approach to regularization is: decide the relative weights that should
be given to these two terms, and minimize the resulting error functional. This ap-
proach, however, suffers from two serious flaws: there is no rigorous way to compute
these weights and it does not find the function which is the MAP estimate for the in-
terpolation problem. This may result in grave instability in the reconstruction process;
two data sets which are arbitrarily close to each other can be assigned two radically
different interpolants.

Our solution to this problem is through the Bayesian approach: instead of using
only the optimal estimates for the weights, construct a probability distribution over
all possible weights. Then, the probability of each function is equal to the integral of
its probability over all possible weights, scaled by the probability of the weights. The
MAP estimate is the function which maximizes this probability.

*This research has been sponsored by the U.S. Office of Naval Research under Grant N00014-93-1-1202,
R&T Project Code 4424341—01.



The main contribution of this work is the construction of the probability distribution
for the weights. This also allows to rigorously solve the smaller problem of finding the
MAP estimate for the weights.

The optimal weights are still important — for instance, for classification problems,
and for separation of signal from noise. We show that finding the optimal weights can
be reduced from a two-dimensional optimization problem to a one-dimensional one.
We also study the reliability of the estimate for the optimal smoothing parameter.

Keywords: Regularization, smoothing parameter, function spaces

1 Introduction

In computer vision, regularization [28] is used to reconstruct objects from partial data
[26, 27, 10, 3]. Reconstruction of surfaces from partial data has been studied in many
other fields, for example petroleum exploration [22], geology [4], electronics [2] and
medical imaging. The data can be sparse — e.g. the height of a small number of
points on a surface, or dense but incomplete — e.g. the case of optical flow and shape
from shading [9] where data is available at many points but consists of the function’s
or its derivative’s value in a certain direction only. The first difficulty in solving this
problem stems from the multitude of possible solutions, each satisfying the partial
data; which one should be chosen? Also, data instances which are not compatible with
others can cause singularities in the solution.

The regularization approach overcomes these difficulties by choosing among the pos-
sible objects one which approximates the given data and is also “smooth”. This embod-
ies an important assumption — that the “smoother” the object, the more probable it is.
Formally, a cost function M(f)is defined for every object f by M(f) = D(f)+ AS(f),
where D( f) measures the distance of f from the given data, S( f) measures the smooth-
ness of f, and A > 0 is a parameter. The f chosen is the one minimizing M ().

The one- dimensional case, which will be addressed in this work, is to minimize

M(f Z[f — v —|—/\/ o).

Wlthout loss of generahty, we will assume from now on that the functions are
defined on the interval [0, 1], and will omit those limits in the integrals.

However, this approach fails to find the MAP estimate for the interpolant f, as it
uses only the optimal weights to construct f. But, what happens if that function has
a relatively small probability for a wide range of other weights? The MAP estimate

should maximize the following:

/wPT(f/w)PT(w)dw

where w varies over the set of all possible weights. The main contribution of this work
(Section 3) is the computation of the integrand, Pr( f/w)Pr(w); space limitations don’t
allow us to elaborate on how the integral is computed.



A word of caution: it seems that one doesn’t really need both A and o, but only
the quantity Ao?, as it completely determines the interpolant in the “classical” regu-
larization approach. However, for the approach presented here, one has to compute
the joint distribution. Moreover, even if one wishes to use only the optimal value of
Ao? for the reconstruction, the values of A\ and o are important for classification and
in order to determine how much noise was present in the measurement process.

A method which is extensively used is the Generalized Cross Validation (GCV)
algorithm. In Section 4, it is demonstrated that the GCV algorithm returns completely
different interpolants for two arbitrarily close sets of data; this is because it relies only
on the optimal weights, and does not bring into consideration the “global probability”
of the interpolant.

In Section 5 an estimator fo the optimal A is presented and analized. In Section
6, a realistic example (hand-written data) is analized. Section 7 summarizes the work
and suggests directions for further research.

2 Previous Work

The most popular method for determining the smoothing parameter A is that of the
generalized cross validation (GCV) [5], which is described in more detail in Section
4. Intuitively, GCV tries to choose a A such that the data points predict each other;
specifically, it tries to minimize the sum of differences between y; and 5;(z;), where
S; is the spline that reconstructs the data set with the point (z;,y;) removed. As will
be demonstrated, GCV can be very unstable, in the sense that it gives two radically
different values of A for two data sets which are arbitrarily close to each other. Also,
there does not seem to be a theoretical justification for using GCV for arbitrary data,
although it has some nice asymptotic properties.

A different approach, which is closer to ours, is that of Bayesian model selection
which, to the best of our knowledge, was first suggested in the pioneering work of
Szeliski [24]. There, the following question is posed: given the data D, what is the
most probable value of A? More recent work in this direction was done by MacKay
[18]. This article suggests a different approach, namely, computing the probability
distribution by directly integrating over the (infinite-dimensional) space of all possible
interpolants.

3 Computing the Joint Probability for A, ¢

Suppose we have a data set D and we want to describe or fit it with a member of some
model M. The Bayes solution is to find f which satisfies

max Pr(f/D) = max L2/ DPrU/M)

feM FeM Pr(D) x %%PT(D/f)pr(f/M)
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Regularization, for instance, can be formalized in this way because

1 ~ (i) — wil?
Pr(D/f)= ———exp(— ) ——F——
(DI = g P L 5
(assuming uncorrelated Gaussian noise of constant variance) and the prior distribution
is
Pr(f) s exp(=2 [ 1/ (0)dv)

which resembles the Boltzmann distribution [24, 6, 11, 12, 23, 21, 19, 17, 25, 20]. Mul-
tiplying, we get that the f chosen from M should maximize exp(—M/(f)), or minimize
M(f). This simple analysis shows how regularization is consistent with Bayes rule for
choosing the MAP estimate, given A.

Now, what if a few models are possible? As explained before, the first step is
to compute the probability of each model. In our case, the models are indexed by
two continuous parameters, A and o. Thus, a specific choice of the two parameters
is equivalent to the claim “this function was sampled from a function space with a
specific prior, and the measurement was corrupted by a specific noise”.

Call the model that assumes A as a smoothing parameter and o as the measurement
noise M) ,. In this model, Pr(f) « eXp(—/\/ [f"(v)]2dv). Given a data set D, we
compute Pr(M) /D). Using Bayes rule:

Pr(D/My,)Pr(M) )
Pr(D)

fars., P1(D/ FYP1(f]M5,0)df
x Pr(D/M),) = fMM Pr(f /Moo )df

where the denominator is introduced to turn the distribution on the functions f into

Pr(My,/D) =

a probability, by normalizing its integral on the whole space to 1.

Here we have assumed an improper uniform prior on the family of models. Cur-
rently, we are studying different priors. Using different priors will be straightforward,
as it appears only as a multiplier to the final probability we have computed (Equation
6).

The main goal of this work is to compute this integral; it turns out that although the
space M) , is infinite dimensional, it is possible to reduce the integral to a quotient of
two integrals defined on a finite dimensional space. The rest of this section is dedicated
to this reduction, culminating in the expression of Equation 6, so that the optimal A
and o are the ones that maximizes Equation 6. Then, it is shown how this is equivalent
to a simpler, one-dimensional, optimization problem.

The question of how to compute such integrals as those appearing in Equation 1
— which are defined over domains that are infinite dimensional — has been solved for
some types of integrals in the realm of pure mathematics [8, 14, 16, 29, 15, 7]. It was
applied to the types of spaces used in regularization in [12, 13]. The space M), is a
“Hilbert space” [30]. Let us recall that if U is a subspace of a Hilbert space H, its
orthogonal subspace, UL, is defined as following —

Ut ={h€ Hluc U = (u,h) =0}
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It is well known that for every h € H, there are u; € U and uy € U™ so that
w1 + ug = h. Also, u; and ug are unique. They are called the projections of w on U
and U+, and are denoted hy and hy/..

The Hilbert space used in this work is the space of all functions which can serve as
interpolants in the framework of regularization. Since we have to use functions f for

1
which the smoothness term / [f"(v)]*dv is defined, the natural space is the Sobolev
0

space L2, which consists of the functions having a second derivative which is square
integrable (for an extensive treatment of Sobolev spaces, see [1]).

For technical reasons, we restrict ourselves to the subspace of L2 which is defined
by {f € L3 | f(0) = f(1) = 0}. The reason is that otherwise the denominator in
Equation 1 is not defined. We will keep denoting the model/function space by M), ,.
Note that this is not really a restriction — any two numbers By and B; can be used
for boundary conditions at 0 and 1, simply by subtracting the linear function which
obtains the values By and By at 0 and 1.

It turns out that the calculation are a little simpler if we make a change of variable,
p = V20. The expression for the probability of M), is then

/kq> A/W’ %v+§: _%])#

1
Cr)E (2 e o T -
oy [ RO [ 53 ) = 5 S e
=y Ty oA L7 (o PaoT

where Y is the data vector, {y1, y2....4yn}-
Now, let us simplify the last expression by defining two inner products on M) ,:

(F.00 = > 1wt + Af 1 (0)g" (o)

P =1

(1902 = 1" (w)g

For every z;, let us denote by H,, the function which satisfies, for every f € M, ,,

/ H dv = f(z;). We can explicitly calculate this function, following the

same method as in [12]:

H _ 0 S f S T (I_1)£($;—2I+§2)
0= r<g<l:y =t

note that this expression depends only on the location of the sample points z;, and not
the value of the samples y;. As it turns out, this saves a lot of computation.



Finally, let us define for each 7 the function A,

Obv10usly, (f, hs )2 = f(z;)

n
Ezzzz 22’3/2 z‘vthen

9
p? Ap

for every f € M) ,, and so, if we define fy = —

(fvaQ—_ Z

After these deﬁmtlons the expression for the probability in Equation 1 reduces to

exp(="5-) [rexp(=[(/f, )+ (f; Jo)al)df
7r2,0 ffeXP(—(faf):))df

This integral can be computed using the fact that the function space can be decomposed

IIYII2

(2)

into a direct sum, where the the two inner products (, ); and (, )2 differ from each other
only on one of the summands, which is finite dimensional. Specifically, let us define a
subspace W of M) , by

W= {] € Myo | [(£1) = [(£2) = oo = [(£) = 0}

when restricted to W, (,); and (,); define the same inner product. Moreover, if
he M), and g € W, then (f,9)1 = (f,9)2.

Now, if f € W, then for every 1 < i < 1, (f, hy,)1 = f(z;) = 0, hence h,, € W+.
Since the hy,’s are linearly independent [12], we have from dimension arguments the
following important result

Wt = span {hy,,he,...chs, }

next, let us write the expression in the exponent of the integrand in the numerator of
Equation 2 using the decomposition into W and W+:

(L + (L fo)e=Uw. fw)e + (fwes fwe )i + (fwe, fo)2

here, we have used the fact that fo € W (obvious, since it is a linear combination
of the hy,’s), and also the fact that, restricted to W, the two inner products are the
same.

Similarly, the expression in the exponent of the integrand in the denominator of
Equation 2is ( fw, fw )2+(fwx, fiw1)2. Writing the appropriate exponents as products,

e.g.
exp(=[(f, /)1 + (f; fo)2]) = exp(—(fw, fw)2) exp(—(fw, fws))rexp(—=(fws, fo))2

we see that the integrals over W cancel out, and the expression in Equation 2 is equal
to

exp(~LE) L exp(=[(/, i+ (U, fo)adf
ﬂ%p” fwl exp(—(/, [)2)df

This expression is computed by identifying W+ with R™. The n-dimensional vector
n

(3)

(u1, uz....uy) is identified with Z u;hg,. There is no need to worry about the Jacobian
=1



of this transformation, as it appears both in the numerator and denominator and hence
cancels out. We are left with the following:

exp(— |Y2H2) S exp(=[uAiu? + (u, ug)])du

% pn Jrn exp(—(uAau®))du )

where (, ) denotes the usual scalar product on R"™, and

(A2)ij = (hay hey )2 = hey ()

n

1
(Al) 5, — (hTt7hI])1 - (hzz7hl'] 2 —I_ _2 Z hl] Tk hl‘](wk)

P" k=1
and
2 n
= =32 Ykhz,
Ly
defining an n X n matrix A by A;; = H;,(z;), we have
A
Ay = —
2T
A A2
A= 2
1= + 2,7
= ——YA
() Ap
and so the expression of Equation 4 equals
&
exp(—"2-) 1o, -1 r
—z . o[ [A] 72 exp(JuoAy ) (5)
p

now, Ay = %—I—/\’;}zz = X}7(/\p2A—|—A2) = ﬁ(/\pQI—I—A), and so |A1|_% = /\”p”|A|_%|Ap21—|—
A5,
Since |A2|% = _%|A|2 we have that

1

A2
75 = Sp T A

2
Next, we turn to calculate the exponent in Equation 5: it is equal to %quflut w

-
Using the fact that ug = —AQ?YA, we get

YA + A)~ly?
p?

1 -1, 1 2 242 2 2 —1y,1

2
to get the total exponent we have to subtract % from this, which results in

YAM?T+ A)7YE — ||IY|?
( P + )2 || || — —AY(A—I— ApQI)_lyrt
P




(6)

and, all in all, the probability is
22 JA+ ApPTF exp(= AY (A + Ap2D) 1YY
T2

A further simplification is possible if one uses the fact that every positive definite
symmetric matrix can be diagonalized by an orthonormal matrix. So, let U be an
orthonormal matrix satisfying UAU? = D and U'DU = A. Then

AP = [UAD+AP DU | = U DAAGHIU| = [D+Ap] = (dia+Ap?)(daat Ap?). (it Ap?)

and also
Y(A+ M2 D)TYE = Y(U'DU + M2 D)"Y = Y[UYD + A\p* U] 'Y =

YU YD+ 2 D)™ HUYHTY = YUYD + A\p* D)UY = (YUY (D + Ap* 1)L (YUY

and, denoting Z = Y U?, this is equal to
4 Z3 Z;
;T sttt o3
dll + Ap d22 + /\P dnn + Ap
so, the expression for the probability can be written as
VA VA zZ2
d11-|-1/\/)2 + 5122-}—2/\,02 ot dpnt+Ap> )) (7)

1 A% exp(=A(
V(di1 + Ap?)(daz + Ap?)...(dnn + Ap?)

n
T2
This expression is easier to compute than Equation 6, as its computation for any range

of A and o requires the inversion of matrix A only once. the next goal is to maximize this
expression. This can be turned into an easier, one-dimensional, optimization problem

as follows. Let us substitute u for A and v for Ap?. Then, we have

o Z2 Z2 Z2

° eXp(_u(dniHJ d22?|-v +ot dnn?}—u)) _
V(di1 + v)(dag + v)...(dpy + v)

T
where the definition of K1() and K3() is the obvious one. keeping v constant, we can

maximize over u (discarding for the moment quantities which depend only on v):

i(u%exp(—ulfl(v))) = gu%_lexp(—ulfl(v)) — Ky (v)uzexp(—uky(v))
which is zero when « = #(U) Substituting this back into the expression for the
probability yields
AL , o)t
— R (- Ky (v)) = %
1z Ka(v) 2K4(v) Ko(v)[K1(v)]2
maximizing this is equivalent to minimizing K3(v)[K;(v)]", or
72 72 zz "
L 2. n (8)
v+ day v+ dyy,

d dys)... dpn,
(v+ di1)(v + daz)...(v+ ) ot dis



after the optimal v is found, one can easily extract the optimal A, which is equal to
2vuK1 (v) vK; (v)
n n

and p, which is , hence the optimal o is

n
2K, (U) ?
Next, we touch on some asymptotic properties of the optimal A and p. The first one

is trivial, but offers some insight into the meaning of the prior defined on the function
space:

Lemma 1 ;m% Pr(M),) =0, no matter what the data is.

Proof: this is obvious from equation 6.
Intuitively, this is true because as A tends to zero, the prior distribution on { f(z1), f(z2)...f(2,)}

(which always has zero mean) tends to have a covariance matrix with infinite entries

(recall that this covariance matrix is %) Since the sampled values are finite, the

probability of them having been sampled from such a distribution tends to zero.

Lemma 2 As the optimal choice of v = A\p? approaches infinily, the optimal noise

2
variance approaches the average of the squared norm of the data, @

Proof: it was shown before that the optimal choice of p? is %Anﬁ Substituting
the expression for K;(v) yields
72 72 72 [ Z; + d + ...+ d ]
2 [U+d11 —I_ U+d22 —I_ —I_ U+dnn] 1+% 14 —== 22 14 =2n
n n

2
which tends to 2@ as v tends to infinity. Since Z has the same norm as Y and
p? = 202, the result follows.
The intuition behind this is also straight forward Recall that the reconstructed

spline minimizes M(f) = M(f) = Z [f( —yl” + /\/ v))dv = 12 (zn:[f(xz -
=1

=1
1 "
wl* + /\02/ [f (v)]*dv). So, as Ao? tends to infinity, the spline is forced to be a
0

linear function. However, we are working in the space of functions which assume zero
at the end points of the interval; so, the reconstructed spline will be zero, which really
means the data is just noise; so, the method described here chooses the magnitude of
the noise to be equal to the magnitude of the data.

Lemma 3 For any choice of data Y there is a Ao such that is A < Ao the probability
of the model M) , is monotonically decreasing in o.

Proof: let us hold A constant and look for the optimal p. Then A2 can be discarded,

- 2
being a constant, and the expression for the probability reduces to %?LD. To
simplify, let us square this expression (makes no difference to the property of mono-

tonicity) and also replace p? by u (also makes no difference). Then the expression
exp(—=AK1(Ap))

assumes the form RZ0w)

, Or

Z2 Z2
eXp( 2A[d11+A,u —I_ dgg-I—AM —I— —I_ dnn'i’A,U‘])

9



differentiating this with respect to p results in a cumbersome expression; however, its
sign is equal to the sign of
(QAZIQ — dll) — /\,u (2AZ§ — d22) — /\,u (QAZTQL — dnn) — A/L
(Ap+ dip)? (Ap+ daa)? (A + dp )?

(9)

and if 20\Z? < d;; for every i, the derivative is always negative, and the probability
therefore decreases with p, or o. As an auxiliary result, we get that if g > QmZ:_eLX(ZZ-Z)
(or, equivalently, 0? > max(Z?)) the probability is decreasing; so, for a given A, we
have presented a lower anZd upper bound on the optimal choice of ¢. One cannot hope
to prove a similar result for A, as its optimal value can be arbitrarily large or small.

These two results can be explained as follows. As A approaches zero, the prior on
the function space becomes more and more “relaxed”, allowing any data set — even one
that oscillates a lot — to have a relatively large probability. At some stage, the prior
becomes “too relaxed for the data”. This happens when the covariance matrix of the
prior, %, assumes values which are large relative to the data. In that case, adding
noise only increases the covariances, and the probability decreases.

The second observation is easier to explain; intuitively, it means that there is no
reason to assume that the measurement noise is larger than the data.

4 The GCV Algorithm and How it Compares
With the Bayesian Approach

A common method for determining A is cross-validation [5]. The idea is to choose a
A such that the data points will predict one another. Formally, a function Vy(A) is
defined as follows: for each sample point (zg,yx), 1 < k < I, fi is defined to be the

spline minimizing
l

S (e =l + A [17 e
i#k
e.g. the spline interpolating all the data points but the k-th. Vj(A) is then defined as
[
Z[fk(xk) — yx]?, and the A chosen is the one minimizing Vj().
k=1

An extension of this method is the Generalized cross-validation (GCV) [5] which
proceeds as follows. First, since the spline f interpolating the [ data points is a linear

combination of the set {y1, y2...y1}, there is a matrix A(X) satisfying

f($1) U

Ja) "
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A(X) is used to define a modified version of Vj:

{

V(M) = wi(A zp) — yel?, wi(A) = LM(A) 2

(A) kZ::l R(MUe(ze) = ye]™, wr(A) [%TT(I—A(A))]
(T, stands for Trace and I for the [ x [ identity matrix). The A chosen is the one
minimizing V(). In this work, we have used a version of the cross validation algorithm
written by M.F. Hutchinson, and described in the ACM. Trans. Math. Software Vol
12, No. 2, June 1986, p. 150. The algorithm uses the GCV algorithm described in [5],
and it gives identical results to the GCV version we implemented. Experiments were
run on a Sparc work station. One can see that when the data strongly oscillates, the
GCV algorithm can run into grave problems. Before giving some actual results, let us
explain why this happens.

Look at Figure 1 (all figures appear at the end of the paper). The data to be
interpolated consists of a sinusoidal pattern, sampled at the peaks. When choosing the
smoothing parameter A, the GCV consecutively discards each sample points, recon-
structs the spline from the remaining ten points, and measures how much it deviates
from the discarded point. These measures are weighted differently, but this is not a
crucial matter, as in this case (equally spaced sample points) the weights are almost
similar. The goal is to minimize the sum of the deviation over all the points. Figure
1 demonstrates what happens when the eighth point (0.7,—10) is discarded. If X is
small, the deviation between the value of the spline reconstructed using the other ten
points and between the value of the original measurement (—10) is large, because the
spline obtains a large positive value at the point z = 0.7. On the other hand, when
A is large, this deviation is smaller, because the reconstructed spline tends to be a
straight line and it doesn’t miss (0.7, —10) by such a large amount. This is true of the
other sample points. Consequently, GCV chooses a very large A in this case, and the
resulting interpolant is a straight line.

A similar phenomena occurred when the GCV program mentioned before was
tested. This program returns the A it chose, as well as its estimate to the variance
of the noise present at the measurements and the resulting spline. In order to compare
the output to that of the method presented in this paper, which assumes the functions
are equal to 0 at the ends of the interval, the variance of the noise at the interval’s ends
was defined to be very small compared to the (uniform) noise on the rest of the interval.
In Figure 2 are the results of running the GCV algorithm with an input resembling
that of Figure 1. “Plot2” (the little triangles) show the data points, and “Plot 1”7 (the
straight line) shows the interpolant found by GCV algorithm.

As can be seen, the GCV chose a very large value of A; actually, it does not return
the value of A but that of I-I%\’ and that was equal to 1.0, which corresponds to A = .
The variance of the noise returned by the program is 25. In other words, the GCV
decides that the sinusoidal pattern resulted from a flat signal with noise added to it.

It is even more striking to compare this result with what happens when the sinu-
soidal pattern above is replaced by a set of measurements which results when each
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sample point of the original pattern is replaced by two points which are very close to
each other. The corresponding data and reconstruction obtained when applying the
GCV algorithm are displayed in Figure 3. Again, ‘Plot2” (the little triangles) show
the data points, and “Plot 1”7 shows the interpolant found by GCV algorithm.

In this case, the reconstruction agrees with the data, and the variance of the data
is estimated as zero, while A is also chosen to be very smalll Hence, GCV makes two
very different decisions with regard to two sets of data which look very much alike.

Why does this happen? The reason is that, for the data set in Figure 1, GCV
chooses the optimal A as infinity (as does our method), and then finds the function f
that maximizes Pr(f/Ms). This f is, of course, the zero function, because every non-
zero function has a zero probability in M,,. However, there are many other functions
that have a non-zero probability for other priors, for which the Bayesian probability is
hardly smaller than that of M. ! To illustrate this point, let us look at a graph of the
probability of M) ,, given the data of Figure 1, for a large range of values (Figure 4): It
is clear that the probability is rather “flat” in the A direction, indicating that functions
other than the zero function have a relatively large probability, when integrating over
all values of A.

In order to demonstrate how the probability for A and o look for arbitrary data, here
is its plot for such data, which is given in Figure 5, together with the reconstruction
for the optimal values of A (0.000277) and o (0.497). Figure 6 shows a portion of the
graph for optimizing the value of Ap? (Equation 8). Recall that here, the optimal value
is the minima of the function. In Figure 7, the joint probability for A and o is plotted.

The expression to be optimized for v (Equation 8) is

(0.112 4 v) (0.007 4+ v)(0.001 + v)(0.0004 4 v)(0.00018 + v) (0.00009 + v)(0.00005 + v)(0.000030 + v)(0.000021 + v)(0.000017 4 v) -

201.98 0.460 6.266 1.655 0.225 0.037 0.026 0.79 0.50 0.049 10
0.113 4+ v 0.007 + v 0.0014 + v 0.00044 4+ v 0.00018 4+ v 0.00009 + v 0.00005 + v 0.00003 4+ v 0.00002 4+ v 0.000017 + v

and the expression to be minimized for A and o simultaneously is

af—2010 . o046 6.26 I 1.65 I 0.22 I 0.037 I 0.025 I 0.79 I 0.50 I 0.049
35 0.1142002 " 0.00742X052 ' 0.001242)02 ' 0.0004442)02 ' 0.0001842)02 ' 0.0000942)02 ' 0.000049H42)02 ' 0.000034+2)02 ' 0.00002142)c2 ' 0.00001642)\2

\/(0.11 +2)52)(0.007 4232 )(0.0013 4 2X52 )(0.00044 4 2252 )(0.00018 4 2X52 )(0.00008 4 2252 )(0.000049 + 2X52 )(0.00003 4 2252 )(0.000021 4 2252 )(0.000017 + 2X52 )

which, as was shown before, is really equivalent to an easier one-dimensional optimization.

5 Numerically Estimating A

This section deals with the following practical problem: given that a certain function (or
functions) were sampled from a prior distribution satisfying Pr(f) exp(—)\/ [f”(v)]de),
estimate A. As will be shown, the accuracy of the estimate presented here depends on the
amount of measurement noise present, as well as on the number and location of the sample

points.
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In the simplest case, when the measurement noise is known to be zero, it is possible to
explicitly write down the MAP estimate for A; it is the value which maximizes the probability

from now on, we will use the standard notation .

The amount of trust one assigns to this estimate is equal to /Rn(j\—m) Pr(Y/M\)dY.

However, Computing this intergal is difficult due to convergence problems; therefore, we

given in Equation 6, or Apjap = sy5rye;

estlmate 3, for which the estimate above translates to M We will look for a slightly

/\

more general estimate, ( ) = BY A7'Y". The quality of thls estimate in the presence of noise

with standard deviation o is

/ [% — BY AW PHY /My, 0)dY

according to Equation 6 this is equal to (recall that p = v/20)

A% 1
. . — — BYATYY P exp(—=ANY (A + Ap2D)7Y))AY
ol el T VAT P exp-MY (A4 227

after some manipulations, this integral turns out to be

2)\)\ _Zv

where \; = 1-|—A g and {d;}, are the eigenvalues of A™1.
If no noise is present (p = 0) this reduces to
1 n(n+2)
since we are trying to estimate the variance of the error for T, it makes sense to study only
the expression (1 — fn + ﬂZ—Hlﬂ ). It achieves a minimum Value of ?, for g = n+2. So,

when the number of sample points grows, the variance of the estimator decreases in a rate
which, asymptomatically, is optimal (due to the Cramer-Rao bound). It is interesting to
note that in the noiseless case, the goodness of the estimate is not affected by the location
of the sample points. The situation is rather different for the case where noise is present.
Currently, we are still studying the general problem, and here we shall restrict ourselves to
a special case, where there are three sample points.

The variance of the error of the estimator Y A=Y is

15 62 5ﬂ2)\ p2d2 4 5ﬁ2)\ [)2d1 + 62)\2p4d1 dg

1 —38—B8Xp*dy — BAp*dy — B ) p*d
38— BAp di—BApidy = BApids + ——+ —— 5 5
+5/62)\ p2d3 4 /32)\2[)4d1 d3 4 132)\2[)4d2 dg 4 3/32)\2,04d12 4 3/32)\2,04d22 + 3132)\2[)4d32
2 2 2 4 4 4

if we want to choose a 3 minimizing this, we have to “integrate out” A and p. This leaves

us with a function of 3, and also of dy,ds,ds (which we assume are known, as they can be
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evaluated from the sample points). We can minimize this expression for 3; the result is a
complicated expression which we shall not present here. However, it is instructive to compare
the behavior of the estimator for various values of A and p for two different sets of sample
points. If we sample at {0.25,0.5,0.75}, we have a better estimate of A than if we sample
at {0.1,0.11,0.12)}; this is because when the sample points are very close to each other, the
difference between the values of the sampled function at them is small relative to the noise,
and it hard to tell if the differences are a result of the noise or of the inherent function itself.
This also explains why the error of the estimator grows when the noise grows.

Figure 8 shows the relative error of the estimator as a function for A and o when the
sample points are {0.25,0.5,0.75}, and Figure 9 for samples taken at {0.1,0.11,0.12)}.

6 Computing the Prior for A

use the fact that the integral of the second derivative squared bounds the function to demon-
strate that for large lambdas, all functions which are not contained in a small strip around
y=0 have a very small probability.

the criterion to differentiate between spaces is the average smoothness which turned out
to be ,\SIT So, the prior is taken to be AE}T

There is no prior for o (if no information is given).

7 Computing the Expectation of the value at x
BIf()/D] = [ [ Elf(@)/D, M, )Pr(My,)dNdo =

[ J(Hy (). . Hy (2))(A+ )\p2])_1Yt%|A + \p2I|72 exp(—AY (A + Ap? )™Y' dAdo

N ’\ﬂz; |A 4 Ap2l|~2 exp(—AY (A 4+ A\p2I)~1Y?)dAdo

using the change of variables u = A, v = Ap?, the integral transforms to

L] ﬁ(ﬂm (x)...H: (z))(A+ 'v])_IYt%Vl + vI|_% exp(—uY (A + vl)~'Y")dudv

11, \%“? |A+ vl|72 exp(—uY (A + v])~1Y?)dudv

ks

the inner integral is a Gamma function, hence the last expression reduces to

S/ ﬁ|A +ol|"2(Hy, (2)...Hy (2))(A + vI) 7YY (A + 'U])_lYt]li_Tndv
J A+ oI 2 [Y(A 4 oD)7 Y1 52 dv

14



8 Examples

Next, we demonstrate how the proposed approach results in stable fits. A simple pattern —
one cycle of a sinusoidal function - is contaminated with noise, and then the resulting data is
smoothed using the GCV algorithm and using the method suggested in the previous section.
The instability of the GCV is demonstrated by noting that changing the value of the data
at a single point radically changes the shape of the fitted curve (Figures 10 and 11). The

results of the suggested method are given in Figure 12.

9 Conclusions and Further Research

A novel approach for looking at interpolation is suggested, which evaluates the MAP func-
tion given the data, by maximizing the integral of each possible interpolant over all possible
models, scaled by the probability of each model. It is demonstrated why “classical” regular-
ization fails to find the MAP estimate. The probability of the models is calculated, allowing
one to rigorously determine the optimal parameters for regularization. Estimates for one of
the optimal weights are studied.

In the future, we plan to demonstrate how the integral over all the weights is computed,
and also study other priors/models, notably those that belong to the realm of “robust statis-
tics”. These pose a fascinating mathematical challenge because, usually, the probability
they assign to models can not be expressed in terms of inner products on the function spaces

involved.
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Figure 1: Why GCV chooses large A for certain data
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Figure 2: GCV reconstruction
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Figure 3: GCV reconstruction for data which is very similar to data of Fig. 2
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Figure 4: Probability distribution for A and o, given data of Fig. 2
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Figure 5: Data and reconstruction with optimal A and o
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Figure 6: Graph of expression in Eq. 8, for optimizing v = A\p? (data of Fig. 5)
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Figure 7: Graph of joint Probability for A and o (data of Fig. 5)
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1
A2

Figure 9: Error of estimator for
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Figure 10: GCV chooses a “standard” value of A.
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Figure 11: For a data set differing from that of Figure 10 in only one point, GCV chooses a

very small value of A, resulting in a completely different fit.
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Figure 12: The suggested method for fitting, used on the data sets of Figures 10 and 11.
Fits are almost identical.
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