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.ilInstitute of Computer S
ien
eThe Hebrew University of Jerusalem91904 Jerusalem, Israel;Abstra
t.Model-based invariants are relations between model parameters and image measurements, whi
h areindependent of the imaging parameters. Su
h relations are true for all images of the model. Here wedes
ribe an algorithm whi
h, given L independent model-based polynomial invariants des
ribing someshape, will provide a linear re-parameterization of the invariants. This re-parameterization has theproperties that: (i) it in
ludes the minimal number of terms, and (ii) the shape terms are the samein all the model-based invariants. This �nal representation has 2 main appli
ations: (1) it gives newrepresentations of shape in terms of hyperplanes, whi
h are 
onvenient for obje
t re
ognition; (2) itallows the design of new linear shape from motion algorithms. In addition, we use this representation toidentify obje
t 
lasses that have universal invariants.Keywords: model-based invariants, universal invariants, proje
tive re
onstru
tion1. Introdu
tionAn image provides us with relations between 3 dif-ferent kind of parameters: image measurements,shape parameters, and imaging parameters (e.g.,
amera parameters). Here we restri
t ourselves tothe domain of multiple points in multiple frames,where the image measurements are 2D point 
o-ordinates, and the shape parameters are 3D point
oordinates. There has been mu
h interest in re-lations involving only image measurements andimaging parameters (e.g., the epipolar geome-try and the essential matrix [8℄). In this paperwe are interested in the dual relations involvingonly shape measurements and imaging parame-ters, whi
h are 
alled model-based invariants.

The analysis of invariants arose mu
h interestin 
omputer vision and pattern re
ognition. Aswe use the 
on
ept here, an invariant is a relationbetween the image measurements and the model(or shape) parameters. This relation does not de-pend on variables of the imaging pro
ess, su
h asthe 
amera orientation (viewing position). Thereare 2 types of invariants:Model-free invariant: there exist image mea-surements whi
h always identify the obje
t,so that their value is 
ompletely determinedby the obje
t regardless of the details of theimaging pro
ess. This is usually 
alled an in-variant in the literature. Su
h invariant re-lations do not exist for 2D images of general3D obje
ts [1, 10℄; for spe
ial 
lasses of ob-
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ts, su
h as planar or symmetri
al obje
ts,invariant relations may be found [10, 12℄.Model-based invariant: a relation whi
h in-
ludes mixed terms, representing image mea-surements or model parameters. Model-basedinvariant relations exist for many interesting
ases [16℄.Typi
ally, model-based invariants are 
omplexpolynomial relations between the known imagemeasurements and the unknown shape parame-ters. In the external 
alibration literature, wherethe dual relations between 
amera parameters andimage measurements are ordinarily used, it provedvery useful to re-parameterize the original rela-tions in a linear form; this turned the 
omputationof 
amera parameters into a linear problem. Obvi-ously the problem is linear in some new variables,that 
ould be 
omplex fun
tions of the original
amera parameters. Examples are the epipolargeometry with the essential matrix [8℄ or the fun-damental bilinear matrix [9℄, the trilinear tensor[14, 5℄, and the quadrilinear tensor [15, 18, 4℄.In the 
ontext of model-based invariants, thislead us to the following questions:Given a model-based invariant, how do we�nd its \optimal" (or most 
ompa
t) linearre-parameterization? in other words, how dowe rewrite it with the minimal number ofterms, that truly re
e
t the number of de-grees of freedom of the system? Given Lmodel-based invariants, what is the simulta-neous minimal linear de
omposition of theserelations?By simultaneous we spe
i�
ally mean that theshape terms are the same in all relations. Thereason we seek su
h simultaneous de
ompositionof model-based invariants is that when the shapeterms are the same, all relations 
an be used si-multaneously in appli
ations su
h as dire
t shapere
onstru
tion.Our attempt to answer these questions was mo-tivated by two appli
ations: one is obje
t re
og-nition, the other is 3D re
onstru
tion:� If shape is re
onstru
ted from images for thesole purpose of re
ognition, the parametri
representation of the shape in the model-

based invariants 
aptures all the relevant in-formation on the shape. Our algorithm pro-du
es a set of L linear relations with a minimalnumber of terms (these are the equation's un-knowns), say n. We would now need at leastdnLe frames to 
ompute shape. This automat-i
ally gives us new linear shape re
onstru
tionalgorithms, whi
h are likely to be more robustthan other linear algorithms. Often the shape(or depth) 
an be 
omputed dire
tly from there
onstru
ted models, as will be shown in theexamples below.� Clearly, for the initial indexing step in obje
tre
ognition, model-based invariants are mostsuitable (imaging parameters may be 
om-puted and used later during the veri�
ationstep). More spe
i�
ally, a model-based in-variant represents a relation between imagemeasurements and shape parameters that istrue in all images of the model. The databasewhi
h in
ludes these models may be thoughtof as a big multi-dimensional table, where anobje
t 
orresponds to the manifold de�ned byits model-based invariant, and individual im-ages are points on (or pointers into) thesemanifolds. In su
h a framework indexing isqui
k (but the representation is very spa
e in-eÆ
ient).Our algorithm provides an automati
 toolto 
ompute low dimensional linear represen-tations of the model-based invariants; whenused, these representations simplify the 
om-plexity of the re
ognition pro
ess by redu
-ing the indexing 
omplexity. In other words,the representation of obje
ts is made sim-pler be
ause simple manifolds - hyperplanes -are stored; re
ognition is made easier be
ausean image provides a pointer - a point whi
hshould lie on the hyperplane representing theobje
t depi
ted in the image.One other appli
ation motivated our work:model-based invariants have a spe
ial meaningwhen the number of linear terms is no largerthan 2. In this 
ase it is possible to separate theshape dependen
y from the dependen
y on imagemeasurements, and get a model-free invariant - a\true" invariant. Su
h invariant relations do notnormally exist [1, 10℄ unless the 
lass of obje
ts isrestri
ted [10, 12℄. Our theory allows us to iden-



Minimal de
omposition of model-based invariants 77tify the kind of 
lass 
onstraints that 
an be usedto redu
e the number of linear terms, so that amodel-based invariant be
omes a model-free in-variant.In this paper we assume that a set of L model-based invariants, whi
h des
ribe the images ofsome set of obje
ts, is initially given. In Se
-tion 3 we des
ribe an algorithm whi
h produ
es alinear re-parameterization of the invariants, withminimal number of terms. In Se
tion 4 we gen-eralize this algorithm to produ
es a linear re-parameterization of the L invariants simultane-ously, su
h that at the end the shape terms arethe same in all the re-parameterized model-basedinvariants.Ja
obs [3, 6℄ studied the 
omplexity of invari-ants and model-based invariants in their raw form.In [6℄ he showed that for 6 points in a single per-spe
tive image, there exists a nonlinear model-based invariant with 5 unknowns. We obtained alinear re-parameterization with 5 terms, thus thelinear representation is no more 
omplex than thenonlinear one in this example. In ECCV '96 [19℄we reported a follow up of the basi
 te
hnique de-s
ribed in Se
tion 3: we united two approa
hes,the elimination dis
ussed in [18℄ and the linear re-parameterization of one relation des
ribed in Se
-tion 3, to a

omplish an automati
 pro
ess thatoptimizes indexing given a general vision problem.2. Model-based invariants for n proje
tivepoints in 1 imageTo demonstrate the pro
edures des
ribed in Se
-tions 3,4 we will work out 2 examples in detail,where the model is of 6 or 7 points and the pro-je
tion model is perspe
tive. We start by usinghomogeneous 
oordinates to represent the 3D 
o-ordinates of the points; thus the representationof the i-th point is Pi = [Xi; Yi; Zi;Wi℄T 2 P3.Sin
e we are working in P3, 5 points de�ne a ba-sis; we sele
t the �rst 5 points to be a 
ertain(robust) proje
tive basis, leading to the followingrepresentation of the 3D shape of the points:P1 = 0B� 10011CAP2 = 0B� 01011CAP3 = 0B� 00111CAP4 = 0B� 00011CA

P5 = 0B� 11111CAP6 = 0B�X1Y1Z1W11CAP7 = 0B�X2Y2Z2W21CASimilarly we use homogeneous 
oordinates torepresent the proje
ted 2D 
oordinates of thepoints; thus the representation of the i-th imagepoint is pi = [xi; yi; wi℄T 2 P2. Sin
e we are work-ing in P2, 4 points de�ne a basis; we sele
t the�rst 4 points to be the proje
tive basis, leadingto the following representation of the image of thepoints:p1 = 0� 1011A p2 = 0� 0111A p3 = 0� 0011A p4 = 0� 1111Ap5 = 0�a0b0
0 1A p6 = 0� a1b1
1 1A p7 = 0�a2b2
2 1AGiven any image of the points, we 
an always 
om-pute the 2D proje
tive transformation whi
h willtransform the points to the representation givenabove.In [2℄ we showed how to 
ompute model-basedinvariants in su
h 
ases. In this se
tion we reviewthese relations for the spe
ial 
ases of 6 proje
-tive points and 7 proje
tive points. Note that themodel-based invariants listed below have manyterms. Clearly these expressions are of little valuefor linear re
onstru
tion and indexing unless we
an re-parameterize them in a \simpler" way.2.1. Model-based invariants for 6 proje
tivepointsThe model-based invariants in this 
ase are ob-tained from the observation that the following ma-trix has rank 3 [2, 4℄, and thus its determinantshould be 0:2666664 
0 0 �a0 
0 � a00 
0 �b0 
0 � b0
1X1 0 �a1Z1 
1W1 � a1W10 
1 Y1 �b1Z1 
1W1 � b1W1
3777775This gives the following 
onstraint (see deriva-tion in [2, 17℄, 
f. with [11℄):



78 D. Weinshalla0b1Z1Y1 + 
1Y12b0 � 
1X12a0 � a0a1Z12 +a0b1Z12�b1Y12b0+
0a1Z12�
0b1Z12�b0a1Z12+b0b1Z12 + a1X12a0 � a1Y1a0X1 + a1Y1a0Z1 +
1Y1b0Z1 � Y1a1Z1
0 + 
0a1Z1X1 � 
0b1Z1Y1 �b0a1Z1X1 � a1Y1b0Z1 � 
1X1Y1b0 + X1b1Y1b0 +
1X1Y1a0 +X1a0b1Z1 � 
1X1a0Z1 + 
0X1b1Z1 �X1b0b1Z1+ 
1X1a0W1� 
0a1Z1W1+ 
0b1Z1W1+a0a1Z1W1�a0b1Z1W1+ b1Y1b0W1+ b0a1Z1W1�b0b1Z1W1�
1Y1b0W1�a1X1a0W1�2X1b1Y1a0+2a1Y1b0X1 = 02.2. Model-based invariants for 7 proje
tivepointsThe model-based invariants in this 
ase are ob-tained from the observation that the following ma-trix has rank 3 [2, 4℄, and thus ea
h of its 15 4� 4minors should vanish:2666666666664

0 0 �a0 
0 � a00 
0 �b0 
0 � b0
1X1 0 �a1 Z1 
1W1 � a1W10 
1 Y1 �b1 Z1 
1W1 � b1W1
2X2 0 �a2 Z2 
2W2 � a2W20 
2 Y2 �b2 Z2 
2W2 � b2W2

3777777777775In [2℄ we show that there are only 4 algebrai
independent 
onstraints whi
h involve all 7 pro-je
tive points, one of them is the following (theother 3 look similar):�b1Y1b0a2W2�
0b1Z1
2Z2�
0b1Z1
2Y2�
2X2
1Y1b0�
2X2b0b1Z1�
0b1Z1a2W2�a2X2b1Y1b0+a2X2a0
1X1+
2X2a0b1Z1�a2Y2b1Z1b0 + 
2X2b1Y1b0 +a0b1Z1a2W2�a2X2a0b1Z1+ a2X2b0b1Z1+ b1Y1a2Z2b0 + 
0
2X2b1Z1�
0a2X2b1Z1 + a2X2
1Y1b0 + a0b1Z1
2Z2 + a0b1Z1
2Y2 +a2Y2b1Z1a0 + a2b0b1Y1Y2 + 
0b1Z1
2W2 + a0a1a2Z1Z2 �a1a2
0Z1Z2+a1a2b0Z1Z2�a0a1a2X1X2�a0b1Z1
2W2+
2X2
1Y1a0�
2X2a0
1Z1+a2X2a0a1W1+a2X2a1Y1a0�
2X2a1Y1a0 � a1Y1a2Z2a0 + 
2Y2b0
1Y1 + b0b1Z1a2W2 �b0b1Z1
2W2�a2X2a0a1Z1+a1X1a0a2Z2+
2X2a0
1W1�
2X2a0a1W1+a1X1b0a2Z2+a0a2Z2
1Y1�a0a2Z2
1Z1+a0a2Z2
1W1�a0a2Z2a1W1�a1X1a2Y2b0+
0
1X1a2Z2�
0a1X1a2Z2�a2Y2a1Z1b0+ 
2X2a1Y1b0�a2X2
1Y1a0+a2X2a0
1Z1�a2X2a0
1W1�
1X1b0a2Z2+
1X1a2Y2b0�a2X2a1Y1b0 � b0a2Z2
1Z1 + b0a2Z2
1W1� 
0a2Z2
1Y1+


0a2Z2
1Z1� 
0a2Z2
1W1� b0a2Z2a1W1+ b0b1Z1
2Z2+b0b1Z1
2Y2 � Z1b1b0a2Z2 � Z1b1a0a2Z2 � a2Y2b1Z1
0 �b1Y1b0
2Z2 � b1Y1b0
2Y2 � 
1X1a0a2Z2 + 
2X2a0a1Z1 +Z1
0b1a2Z2 � a1Y1b0
2Y2 � a1Y1b0
2Z2 + a1Y1b0
2W2 �a1Y1b0a2W2+a1Y1a2Z2
0+a2Y2b0
1Z1+a2Y2b0a1W1�a2Y2b0
1W1+
0a2Z2a1W1+
1Y1b0a2W2�
1Y1b0
2W2+
1Y1b0
2Z2+a1X1a0
2X2� 
1X1a0
2X2+ b1Y1b0
2W2+2b1Y1a2Z2
0�2
2X2b1Y1a0+2a2X2b1Y1a0�2b0a2Z2
1Y1+2a1Y1a2Z2b0 � 2b1Y1a2Z2a0 = 03. Minimal linear invariant: one relationLet S denote the set of parameters des
ribing theobje
t shape. Let D denote the data - a setof image measurements. Let I = ff l(S;D) =0gLl=1 denote the set of independent model-basedinvariants; we assume that ea
h model-based in-variant is polynomial.We start with the simple 
ase where I in
ludes asingle relation I : f(S;D) = 0. We seek a de
om-position of f() in the following 
ompa
t way, ex-pli
itly separating image variables D from shapevariables S:f(S;D) = rXk=1 gk(S) � hk(D) = 0 (1)gk and hk are polynomial fun
tions of the shapeS and the image D respe
tively. We 
all (1) the
anoni
al representation of f(S;D). Note that iff(S;D) is algebrai
, as we assume here, su
h ade
omposition always exists.In the simplest 
ase where r = 2, (1) wouldbe
ome: f(S;D) = h1(D)g1(S) + h2(D)g2(S)) h1(D)h2(D) = �g2(S)g1(S)Thus if r = 2, the model-based invariant f() = 0is really a model-free (a \true") invariant.3.1. AlgorithmThe algebrai
 expression f(S;D) = 0 
an alwaysbe written as a sum of multipli
ations sin
e f() ispolynomial; we start by arbitrarily 
hoosing one
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h representation for f(S;D):f(S;D) � nXi=1 mXj=1 qijsidj = s �Q � dT = 0 (2)where qij are 
onstants, si and dj are distin
tprodu
ts of element of S and D respe
tively, s =[s1; : : : ; sn℄, d = [d1; : : : ; dm℄, and Q is the n�mmatrix whose elements are qij .De�nition 1. Q is the 
omplexity-matrix ofthe relation f(S;D) = 0.Theorem 1. The minimal linear de
omposi-tion f(S;D) = rPk=1 gk(S) � hk(D) has r terms,where r is equal to the rank of the 
omplexity-matrix Q.Proof: The theorem follows from (2), thefa
t that elementary operations on the rows and
olumns of a matrix are algebrai
 operations, andbe
ause the rank of a matrix is the minimal num-ber of outer produ
ts of ve
tors that sum to thematrix. Note, however, that this representationobtains the minimal number of terms in a limited
ontext, where a term 
an only be a linear 
ombi-nation of si's or dj 's.Algorithm to 
ompute the minimal linearmodel-based invariant:1. Compute the SVD (or similar) de
ompositionof Q = U�V T ; the rank of Q is equal to thenumber of non-0 elements in the diagonal ma-trix �.2. By 
onstru
tionf(S;D) = sU�V TdT = g(S) � hT (D)= rXi=1 gi(S)hi(D)whereg(S) = [g1(S); : : : ; gr(S)℄ = sUp�h(D) = [h1(D); : : : ; hr(D)℄ = dVp�Although the rank of Q is unique, the de
om-position above is not; other expressions 
an allbe derived using the same SVD de
omposition.

For example, we 
an de
ompose the 
omplex-ity matrix Q as Q = (Up�H)(H�1(p�V )T ),where H denotes any regular r � r matrix. Nowf(S;D) = g0(S) � h0T (D), where g0(S) = sUp�Hand h0(D) = dVp�H . Thus there are essentiallyr2� 1 (-1 from homogeneity) independent de
om-positions of type (1).3.2. Example: 6 proje
tive pointsWe use the notations of Se
tion 2 and the de�ni-tions above, where:� S denotes the set of 4 shape variables X1, Y1,Z1,W1, - the 3D proje
tive 
oordinates of the6th point.� D denotes the set of 6 image variables a0, b0,
0, a1, b1, 
1; these are the image measure-ments - the proje
tive image 
oordinates ofthe points.In this 
ase we get the following model-basedinvariant (see Se
tion 2.1):f(S;D) = a0b1Z1Y1 + 
1Y12b0 � 
1X12a0 �a0a1Z12+a0b1Z12�b1Y12b0+
0a1Z12�
0b1Z12�b0a1Z12 + b0b1Z12 + a1X12a0 � a1Y1a0X1 +a1Y1a0Z1 + 
1Y1b0Z1 � Y1a1Z1
0 + 
0a1Z1X1 �
0b1Z1Y1 � b0a1Z1X1 � a1Y1b0Z1 � 
1X1Y1b0 +X1b1Y1b0 + 
1X1Y1a0 +X1a0b1Z1 � 
1X1a0Z1 +
0X1b1Z1�X1b0b1Z1+ 
1X1a0W1� 
0a1Z1W1+
0b1Z1W1+a0a1Z1W1� a0b1Z1W1+ b1Y1b0W1+b0a1Z1W1� b0b1Z1W1� 
1Y1b0W1�a1X1a0W1�2X1b1Y1a0 + 2a1Y1b0X1 = 0In order to represent f(S;D) as a sum of mul-tipli
ations as required in (2), we observe the fol-lowing:1. There are 10 shape monomials si, thus n = 10and s = [X21 ; X1Y1; X1Z1; X1W1; Y 21 ;Y1Z1; Y1W1; Z21 ; Z1W1;W 21 ℄ (3)2. There are 9 image monomials dj , thus m = 9and d = [a0a1; a0b1; a0
1; b0a1; b0b1;b0
1; 
0a1; 
0b1; 
0
1℄ (4)



80 D. Weinshall3. The 
omplexity matrix Q is 10 � 9, whereQ[i; j℄ is the 
oeÆ
ient of sidj in the expres-sion above. For example, from the �rst termin the expression above Q[6; 2℄ = 1. Thus:
QT =

266666666666666664
1 �1 0 �1 0 1 0 �1 1 00 �2 1 0 0 1 0 1 �1 0�1 1 �1 1 0 0 0 0 0 00 2 �1 0 0 �1 0 �1 1 00 1 �1 0 �1 0 1 1 �1 00 �1 0 0 1 1 �1 0 0 00 0 1 0 0 �1 0 1 �1 00 0 1 0 0 �1 0 �1 1 00 0 0 0 0 0 0 0 0 0

377777777777777775We use Gaussian elimination to de
ompose Qas Q = UV T , where U is 10� 5, and V is 9 � 5.Many matri
es U satisfy these 
onditions, and we
hoose a relatively \simple" one:QT = V UT (5)
V =

266666666666666664
1 1=2 0 0 �1=20 1 �1 0 1=2�1 �1=2 1 0 00 �1 1 0 �1=20 �1=2 1 1 1=20 1=2 0 �1 00 0 �1 0 1=20 0 �1 0 �1=20 0 0 0 0

377777777777777775UT = 26666664 1 0 0 �1 0 0 0 0 0 00 �2 0 0 0 2 0 0 0 00 0 �1 0 0 1 0 0 0 00 0 0 0 �1 0 1 0 0 00 0 0 0 0 0 0 2 �2 0
37777775Sin
e the rank of Q is 5, we 
an rewrite themodel-based invariant f(S;D) as follows:f(S;D) = g(S) � hT (D) = 5Xi=1 gi(S)hi(D) = 0 (6)

where (3), (5) giveg(S) = s � U = 0BBB� X21 �X1W1�2X1Y1 + 2Y1Z1�X1Z1 + Y1Z1�Y 21 + Y1W12Z21 � 2Z1W1 1CCCA (7)and (4), (5) giveh(D) = d � V = [a1a0 � 
1a0 ; 0:5a1a0 + a0b1 �0:5
1a0�b0a1�0:5b0b1+0:5b0
1 ; �a0b1+
1a0+b0a1+b0b1�
0a1�
0b1 ; b0b1�b0
1 ; �0:5a1a0+0:5a0b1 � 0:5b0a1 + 0:5b0b1 + 0:5
0a1 � 0:5
0b1℄4. Minimal linear invariant: multiple re-lationsLet S, D and I = ff l(S;D) = 0gLl=1 as in Se
-tion 3. We now 
onsider the general 
ase where Iin
ludes L > 1 relations. We look for a simulta-neous de
omposition of the L relations, su
h thatthey have a minimal number of terms, and theshape terms are identi
al in all the relations. Morespe
i�
ally, we look for a simultaneous de
ompo-sition: f l(S;D) = rXk=1 gk(S) � hlk(D) = 0where gk and hlk are polynomial fun
tions of theshape S and the image D respe
tively. Note thatgk(S), the shape terms, do not depend on the in-dex l - this is what we mean by simultaneous de-
omposition of the L relations.4.1. AlgorithmWe start by writing ea
h algebrai
 expressionf l(S;D) = 0 as a sum of multipli
ations:f l(S;D) � nXi=1 mXj=1 qlijsidj = s �Ql � dT = 0 (8)where si and dj are distin
t produ
ts of elementof S and D respe
tively, s = [s1; : : : ; sn℄, d =[d1; : : : ; dm℄, and Ql is the n�m matrix whose ele-ments are qlij . From Def. 1, Ql is the 
omplexity-matrix of the relation f l(S;D) = 0.
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omposition of model-based invariants 81De�nition 2. Q, the matrix obtained by 
on-
atenating the L matri
es Ql from left to right, isthe joint 
omplexity-matrix of I.Note that the size of Q is n�Lm. Note also theasymmetri
al role of rows and 
olumns here: therow variables are shape variables, and thus shouldbe the same for all invariants; the 
olumn variablesare data variables, and thus 
an (and should) varyfor di�erent invariants.Theorem 2. The minimal simultaneous linearde
omposition f l(S;D) = rPk=1 gk(S) � hk(D) hasr terms, where r is equal to the rank of the joint
omplexity-matrix Q.The proof is similar to the proof of theorem 1,with the same restri
tion: the number of terms isminimal in a limited 
ontext, where a term 
anonly be a linear 
ombination of si's or dj 's.We 
an now derive the following algorithm to
ompute the minimal simultaneous linear de
om-position of model-based invariants:1. Compute the SVD (or similar) de
ompositionof the joint 
omplexity matrix Q = U�V T .2. For ea
h invariant, �nd a de
omposition Ql =U(V l)T ; below we spe
i�
ally use (V l)T =(U�)+Ql, where (U�)+ denotes the pseudo-inverse of (U�).3. By 
onstru
tionf l(S;D) = sU(V l)TdT = g(S) � (hl(D))T= rXi=1 gi(S)hli(D)whereg(S) = [g1(S); : : : ; gr(S)℄ = sUhl(D) = [hl1(D); : : : ; hlr(D)℄ = dV l= d(Ql)TU�((U�)TU�)�14.2. Example: 7 proje
tive pointsWe use the notations of Se
tion 2 and the de�ni-tions of Se
tion 3, where:

� S denotes the set of 8 shape variables X1, Y1,Z1, W1, X2, Y2, Z2, W2 - the 3D proje
tive
oordinates of the 6th and 7th points.� D denotes the set of 9 image variables a0, b0,
0, a1, b1, 
1, a2, b2, 
2; these are the imagemeasurements - the proje
tive image 
oordi-nates of the points.In this 
ase we have 4 independent model-basedinvariants (see derivation in Se
tion 2.2); one isgiven below, the other 3 look similar and are there-fore omitted.f1(S;D) = �b1Y1b0a2W2 � 
0b1Z1
2Z2 � 
0b1Z1
2Y2 �
2X2
1Y1b0 � 
2X2b0b1Z1 � 
0b1Z1a2W2� a2X2b1Y1b0 +a2X2a0
1X1+ 
2X2a0b1Z1�a2Y2b1Z1b0+ 
2X2b1Y1b0+a0b1Z1a2W2�a2X2a0b1Z1+a2X2b0b1Z1+ b1Y1a2Z2b0+
0
2X2b1Z1 � 
0a2X2b1Z1 + a2X2
1Y1b0 + a0b1Z1
2Z2 +a0b1Z1
2Y2 + a2Y2b1Z1a0 + a2b0b1Y1Y2 + 
0b1Z1
2W2 +a0a1a2Z1Z2�a1a2
0Z1Z2+a1a2b0Z1Z2�a0a1a2X1X2�a0b1Z1
2W2+
2X2
1Y1a0�
2X2a0
1Z1+a2X2a0a1W1+a2X2a1Y1a0 � 
2X2a1Y1a0 � a1Y1a2Z2a0 + 
2Y2b0
1Y1 +b0b1Z1a2W2�b0b1Z1
2W2�a2X2a0a1Z1+a1X1a0a2Z2+
2X2a0
1W1�
2X2a0a1W1+a1X1b0a2Z2+a0a2Z2
1Y1�a0a2Z2
1Z1+a0a2Z2
1W1�a0a2Z2a1W1�a1X1a2Y2b0+
0
1X1a2Z2� 
0a1X1a2Z2�a2Y2a1Z1b0+ 
2X2a1Y1b0�a2X2
1Y1a0+a2X2a0
1Z1�a2X2a0
1W1�
1X1b0a2Z2+
1X1a2Y2b0�a2X2a1Y1b0� b0a2Z2
1Z1+ b0a2Z2
1W1�
0a2Z2
1Y1+ 
0a2Z2
1Z1� 
0a2Z2
1W1� b0a2Z2a1W1+b0b1Z1
2Z2 + b0b1Z1
2Y2 � Z1b1b0a2Z2 � Z1b1a0a2Z2 �a2Y2b1Z1
0 � b1Y1b0
2Z2 � b1Y1b0
2Y2 � 
1X1a0a2Z2 +
2X2a0a1Z1 + Z1
0b1a2Z2 � a1Y1b0
2Y2 � a1Y1b0
2Z2 +a1Y1b0
2W2� a1Y1b0a2W2+ a1Y1a2Z2
0+a2Y2b0
1Z1+a2Y2b0a1W1�a2Y2b0
1W1+
0a2Z2a1W1+
1Y1b0a2W2�
1Y1b0
2W2+ 
1Y1b0
2Z2+a1X1a0
2X2� 
1X1a0
2X2+b1Y1b0
2W2+2b1Y1a2Z2
0�2
2X2b1Y1a0+2a2X2b1Y1a0�2b0a2Z2
1Y1 + 2a1Y1a2Z2b0 � 2b1Y1a2Z2a0 = 0In order to represent f1(S;D) as a sum of mul-tipli
ations as in (2), we observe the following:1. There are 16 shape monomials si, thus n = 16ands = [X1X2; X1Y2; X1Z2; X1W2; Y1X2;Y1Y2; Y1Z2; Y1W2; Z1X2; : : : ;W1W2℄ (9)2. There are 27 image monomials dj , thus m =27 and d = [a0a1a2; a0a1b2; a0a1
2;a0b1a2; : : : ; 
0
1
2℄ (10)
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omplexity matrix Q1 is 16 � 27, whereQ1[i; j℄ is the 
oeÆ
ient of sidj in the expres-sion above. Q1[1; 1℄, for example, 
ontains the
oeÆ
ient of a0a1a2X1X2 from the expressionabove, whi
h happens to be -1. Thus we getthe following full des
ription of Q1:266666666666666666666666664

�1 0 1 0 0 0 1 0 �1 0 0 0 0 00 0 0 0 0 0 0 0 0 �1 0 0 0 01 0 0 0 0 0 �1 0 0 1 0 0 0 00 0 0 0 0 0 0 0 0 0 0 0 0 01 0 �1 2 0 �2 �1 0 1 �1 0 1 �1 00 0 0 0 0 0 0 0 0 0 0 �1 1 0�1 0 0 �2 0 0 1 0 0 2 0 �1 1 00 0 0 0 0 0 0 0 0 �1 0 1 �1 0�1 0 1 �1 0 1 1 0 �1 0 0 0 1 00 0 0 1 0 1 0 0 0 �1 0 0 �1 01 0 0 �1 0 1 �1 0 0 1 0 0 �1 00 0 0 1 0 �1 0 0 0 0 0 0 1 01 0 �1 0 0 0 �1 0 1 0 0 0 0 00 0 0 0 0 0 0 0 0 1 0 0 0 0�1 0 0 0 0 0 1 0 0 �1 0 0 0 00 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 0 00 1 0 0 0 0 0 0 0 0 0 0 00 �1 0 0 �1 0 0 0 0 0 1 0 00 0 0 0 0 0 0 0 0 0 0 0 01 1 0 �1 0 0 0 0 0 0 0 0 0�1 0 0 1 0 0 0 0 0 0 0 0 0�1 �2 0 1 1 0 0 2 0 0 �1 0 01 1 0 �1 0 0 0 0 0 0 0 0 0�1 0 0 0 0 0 0 �1 0 1 0 0 01 1 0 0 0 0 0 �1 0 �1 0 0 01 �1 0 0 �1 0 0 1 0 �1 1 0 0�1 0 0 0 0 0 0 �1 0 1 0 0 00 0 0 0 0 0 0 0 0 0 0 0 00 �1 0 0 0 0 0 0 0 0 0 0 00 1 0 0 1 0 0 0 0 0 �1 0 00 0 0 0 0 0 0 0 0 0 0 0 0

377777777777777777777777775Similarly, we rewrite f2(S;D), f3(S;D), andf4(S;D), to 
onstru
t Q2, Q3 and Q4 in a similarway. The joint 
omplexity matrixQ is 
onstru
tedby 
on
atenating Q1; Q2; Q3; Q4, and its size is16� 108.The rank of Q is 
omputed to be 11. UsingGaussian elimination, we 
ompute a de
omposi-tion Q = UV T , where U is 16 � 11, and V is108 � 11. Many matri
es U satisfy these 
ondi-

tions, and we 
hoose the following relatively \sim-ple" one:
U =
266666666666666666666666664

�1 0 0 �2 0 0 0 0 0 0 00 �1 0 0 0 0 0 0 0 0 00 0 1 0 0 0 0 0 0 0 00 0 0 2 0 0 0 0 0 0 00 1 0 0 �2 0 0 0 0 0 00 0 0 0 0 �1 0 0 0 0 00 0 �1 0 2 0 2 0 0 0 00 0 0 0 0 1 0 2 0 0 00 0 0 0 0 0 0 0 1 0 00 0 0 0 0 0 �2 0 �1 0 00 0 0 0 0 0 0 0 0 �2 00 0 0 0 0 0 0 0 0 2 �21 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 �2 0 0 00 0 0 0 0 0 0 0 0 0 20 0 0 0 0 0 0 0 0 0 0

377777777777777777777777775
(11)

U is used to obtain the individual de
omposi-tions:Qi = U(V i)T =) (V i)T = (UTU)�1UTQi(12)Finally, we rewrite the model-based invariantsf l(S;D), l = 1::4. For example, take f1(S;D):f1(S;D) = g(S) � (h1(D))T = 11Xi=1 gi(S)h1i (D) = 0where (9) and (11) give
g(S) = [s1; : : : ; s16℄ � U =

0BBBBBBBBBBBBBBB�
�X1X2 +W1X2�X1Y2 + Y1X2X1Z2 � Y1Z2� 2X1X2 + 2X1W2� 2Y1X2 + 2Y1Z2� Y1Y2 + Y1W22Y1Z2 � 2Z1Y22Y1W2 � 2W1Y2Z1X2 � Z1Y2� 2Z1Z2 + 2Z1W2� 2Z1W2 + 2W1Z2

1CCCCCCCCCCCCCCCAand (10), (11), (12) giveh1(D) = [d1; : : : ; d27℄ � V 1 = [a0a1a2 � a1a0
2 �a2a0
1 + 
1a0
2 ; b0a1a2 � b0
1a2 ; a0a1a2 �a2a0
1+ b0a1a2� b0
1a2� 
0a1a2+ 
0
1a2 ; 0 ; �12a0a1a2+ 12a1a0
2� a0b1a2 + a0b1
2+ 12a2a0
1�12 
1a0
2+ b0a1a2� 12b0a1
2+ 12b0b1a2� 12b0b1
2�b0
1a2 + 12b0
1
2 ; b0a1
2 � b0b1a2 + b0b1
2 �
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1
2 ; 12a0a1a2 � 12a1a0
2 � a0b1
2 � 12a2a0
1 +12
1a0
2+ 12b0a1a2� 12b0
1a2+
0b1a2 ; � 12b0a1a2+12b0
1a2 ; � a0a1a2 + a1a0
2 � a0b1a2 + a0b1
2 +a2a0
1 � 
1a0
2 + b0b1a2 � b0b1
2 � 
0b1a2 +
0b1
2 ; � 12a0a1a2+ 12a0b1a2� 12a0b1
2+ 12a2a0
1�12b0a1a2+ 12b0b1a2� 12b0b1
2+ 12b0
1a2+ 12
0a1a2�12
0b1a2 + 12 
0b1
2 � 12
0
1a2 ; � 12a0a1a2 +12a2a0
1� 12b0a1a2+ 12b0
1a2+ 12
0a1a2� 12
0
1a2℄5. Adding 
lass 
onstraintsOn
e it has been shown that model-free invari-ants do not exist for un
onstrained obje
ts [1, 10℄,attention had turned to 
hara
terizing the 
on-straints (or 
lasses of obje
ts) whi
h would lead tomodel-free invariants [10, 12℄. The present analy-sis allows us to ask this question as part of a moregeneral problem: what 
lass 
onstraints on obje
tsredu
e the number of terms in the minimal linearde
omposition? In this se
tion we determine suÆ-
ient 
onditions on 
lass 
onstraints to redu
e thenumber of terms, in parti
ular to redu
e it to 2(implying the existen
e of model-free invariants).We start from a relationf(S;D) = rXk=1 gk(S) � hk(D) = 0where gk(S) and hk(D) are polynomial fun
tionsof the shape and image measurements respe
-tively. Every 
lass 
onstraint of the form �(S) =0, where �(S) divides some P�kgk(S), redu
esthe number of terms in the minimal de
omposi-tion by at least 1. Thus:Theorem 3. (
lass 
onstraints:) To redu
ethe minimal number of terms from r to p < r, the
lass 
onstraints should provide at most (r � p)independent 
onstraints of the form �i(S) = 0,where ea
h �i(S) divides someP�kgk modulo the�j(S); j < i.Clearly there is a tradeo� between 
omplex-ity (the number of terms), whi
h is higher formore general (and less 
onstrained) 
lasses, andthe density of the database, whi
h is smaller formore general 
lasses (as there are fewer types ofsu
h general obje
ts).Example: given 6 points and a perspe
tive
amera, r = 5 (see Se
tion 3.2).

� From the minimal model-based invariant de-veloped in Se
tion 3.2, and the theorem above,it immediately follows that if any of the pa-rameters of the 6th point, X1; Y1; Z1;W1,equals 0, then r = 3; if any 2 parameters ofthe 6th point are equal, then r = 3. Thus if4 of the 6 points are 
oplanar, the number ofterms in the minimal model-based invariant is3.� If 2 pairs of the 4 parameters X1; Y1; Z1;W1are equal then r = 2, namely, there is a model-free invariant. The geometry of this 
ase is asfollows: one point lies on the line of inter-se
tion of 2 of the planes, ea
h spanned bytriplets of the remaining 5 points.6. Re
onstru
tion example: lab sequen
eWe use a real sequen
e of images from the 1991motion workshop, whi
h in
ludes 16 images of aroboti
 laboratory obtained by rotating a robotarm 120o (one frame is shown in Fig. 1). 32 
orner-like points were tra
ked. The depth values of thepoints in the �rst frame ranged from 13 to 33 feet;moreover, a wide-lens 
amera was used, 
ausingdistortions at the periphery whi
h were not 
om-pensated for. (See a more detailed des
ription in[13℄ Fig. 4, or [7℄ Fig. 3.)We 
ompute the shape of the tra
ked points asfollows. We �rst 
hoose an arbitrary basis of 5points; for ea
h additional point we:1. 
ompute g(S) as de�ne in (7), using all theavailable frames to solve an over-determinedlinear system of equations, where ea
h frameprovides the 
onstraint given in (6).2. 
ompute the homogeneous 
oordinates of the6th point [ ~X; ~Y ; 1; ~W ℄ from g(S) using~X = 2g1(S) + g2(S)� 2g3(S)g5(S)� 2g3(S)~Y = g2(S)� 2g4(S)g5(S) + 2g3(S)~W = 1� (g2(S)� 2g4(S)) g5(S)(2g5(S) + 4g3(S))g3(S)+(2g1(S) + g2(S)� 2g3(S)) g5(S)(2g5(S)� 4g3(S)) g3(S)3. in order to 
ompare the results with the real3D shape of the points, we multiply the pro-je
tive homogeneous 
oordinates by the a
tual
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Fig. 1. One frame from the lab sequen
e.3D 
oordinates of the proje
tive basis points,to obtain the equivalent Eu
lidean represen-tation.The real 3D 
oordinates of about half the pointsin the sequen
e, and the 
orresponding re
on-stru
ted 3D 
oordinates, are the following:real shape:2664 �0:3 �1:7 �0:3 1:8 5:3 9:9 3:2�4 �2:6 4:4 6:3 4:2 �1:6 �2:816:4 17:1 19:7 20 25:3 29:8 31:6�2:3 1:5 �0:6 0:5 1:5 �0:5�2 5 3 2 0:9 115:1 21:7 21:5 21:6 21 21:6 3775re
onstru
ted shape:2664 �0:3 �1:8 �0:6 0:9 3:8 8:9 �0:8�3:6 �1:3 5 6:2 4:4 �1:5 0:715:8 14:7 21:5 24:9 27:5 30:1 9:7�2:4 0:7 �0:6 0:3 1:3 �0:4�1:3 4:8 2:6 1:8 0:4 0:713:4 23:5 20:2 21:1 21:1 19:2 3775The median relative error, where the relativeerror is the error at ea
h point divided by thedistan
e of the point from the origin, is 12%.

7. SummaryWe des
ribed an automati
 pro
ess to simplifymodel-based invariants by re-parameterizing themin a linear way, and with a minimal number ofterms. We demonstrated this pro
ess on 2 ex-amples, using model-based invariants of 6 and 7points under perspe
tive proje
tion. Thus, for ex-ample, we obtained 4 homogeneous linear equa-tions with 11 unknowns using the invariants of 7points. We 
an use these invariants to 
omputethe shape of the 7 points with a linear algorithm,using at least 3 frames and least squares optimiza-tion (sin
e the data is redundant).A
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