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Abstract— This paper presents a statistically sound, simple
and fast method to estimate the parameters of a second
degree curve from a set of noisy points that originated from
the curve.
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Introduction

Fitting a straight line or another figure that is consistent
with and approximates a set of data points is a common
problem encountered in computer vision, pattern recogni-
tion or statistics. The literature is full of different methods
that find the “best” describing figure for a set of points,
see [1] for a summary.

The method of least squares for computing the param-
eters is used very often even though for over 100 years [3]
it has been known that in the case of noise in both the z
and y axes, the least squares estimate is biased even for
the case of straight line fitting.

There have been many suggestions as how to compute
better estimates for the case of a straight line [6, 4, 5, 8,2, 7]
there have been a few treatments of conic section fitting [10]
but they usually need a well defined model and are much
more complex then our proposed method.

In this paper we describe a simple and easy to compute
estimate of a fitting line or conic section that converges in
probability to the correct solution. The algorithm is linear
in the number of points and the convergence is up to a
constant multiple optimal.

We will first present the solution for the straight line case
as it has less parameters and is a little easier to describe.
In the straight line case the method is somewhat similar
to the method proposed in [9]. We will then present the
general solution.

The problem

What we are modeling is the following: There is a plane
curve v that is a conic section; i.e. the curve is a set of
points (z,y) s.t. P(z,y) = 0 where P is 2nd-degree bivari-
ate polynomial with unknown coefficients. The “picture of
7" is a finite set of stochastic points W; = (X;,Yi)i=1,. ~
(N is “cardinality” of the picture) where

Xi=awituw  Yi=yitu
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s.t.

e the points w; = (24, ¥;)i=1,... .~ areony: P(z;,y;) = 0.
o (u;)i=1,.. n,(v;)iz1,  n are independent stochastic vari-
ables (“noise”) with distributions that satisfy the fol-

lowing conditions:

E(u;) = E(v;) =0, V(w)=V(v) = o? < o0, E(] u; |3),E(| v; |2

The problem is to compute the coefficients of P from a
picture.
We also assume that:

e the picture is bounded: IH > 0 s.t.
),max;(| y; |) < H.

e the picture isn’t “k-concentrated”: de > 0 : V intervals
ly, ..., Il on the y with total length < ¢

max;(| ; |

k .
T E]’:l W(N,j)

where W(N,j)=#{ie{l... N} |w; €}
In another words the data points in the picture aren’t
concentrated around k points on 7, therefore intu-
itively there are at least k + 1 points on it; k = 4 is
enough in our case because for 5 points a conic section
is uniquely defined, otherwise there are more parame-
ters to compute than data.

e what we see is mostly signal; namely, the following
three facts are usually true (a positive fraction is more
than enough);

— Xi > X; implies x; > x;
= Y; > Y; implies y; > y;
— the point (noise+signal) is in the picture implies

that the point without noise should be in the pic-
ture.

The case of a line

We first present the case where the points are known to
have originated from = a straight line, y = az + b, where a
and b are unknown constants.

Assume that N (the number of points) is even and com-
pute

_ Efvz/f(yzz —Y2i_1)
SN (Xai — Xaim)




A —a — EZ?((YM;GXM)—(Y%—l—GX21—1))
L (XaimXaina)
_ ng((021—021—1)—0(1@;—1!2;—1))
B >y (Xai=Xaioa)
D Dt

O (X - Xaica)

1=1

where 0; = (va; — vai-1) — a(uz — Uzi-1),=1,. N/2
If we take pairs (Wa;, Wai—1) s.t. Xa; > Xo9;_1 (by reenu-
meration)

N/2

E() (Xai — Xai_1)) = Q(N)

i=1

(the picture isn’t concentrated), but by the assumptions
E(%)=0

N/2

> 0; = O(VN)

i=1
and therefore when N — oo

A—a=0( ) —p 0 (converges in probability)

1
VN

Remark: in this case for “unconcentration” it’s enough
that £ = 1 because 2 points define a unique straight line.

Remark: 6; depends on a, in order to assure that a is
always bounded by 1, it is possible to use the algorithm
twice by transposing the z and y axes.

For b we will use the expression

Ef\;/f(XziYZi_l - Xzi—1Y2i)
Zﬁ\;/lz(XQi — Xoi-1)

Thus

B_b= Efvz/f(Xm'qu — X9 1Y — b( X9 — X9i-1))
SN (Xai — Xai1)

but

E(X9;Yo_1 — Xoj 1Yo — bXai + 6X01) =

E((z2; + w2i)(Y2i—1 + va2i—1) — (T2i-1 + u2i—1)(Y2i + v25)
—b(@a; + uai) + b(w2i—1 + uzi—1))

= ToY2i—1 — Tai—1Y2 — T + bxoi_y

= 29i(Y2i—1 — b) — T2i-1(y2s — b)

= T2;a%2i—1 — Tai—10T2; =0

and as for ¢ when N — 0o B —,, b (converges in prob-
ability).

The general case

If v is a conic section, 2% = azy+ by? + cx +dy + ¢, (as in
the last case if some of the parameters are known they do
not have to be estimated and the method is used only on
the unknown parameters of the curve, for example if the

curve 1s known to be a circle we know that a is 0 and b 1s

1)
The algorithm is as follows: for a point W = (X,Y) -
we define the following vectors:

Lw) = Xy , vy?2 . X |, Y |1
L,{(W) = (X* , Y? | X |, Y |1
L(w) = Xy , X? |, X , Y |1
L.wW) = (Xy , v?2 | X? | Y | 1)
LaW) = (Xy , v? | X | X2 | 1)
For a collection of 5 points Wy, ..., W5 let
L(Wh)
S(Wl,...,W5)Id€t
L(Ws)

and similarly the determinants S, , Sy, S, Sq using Ly, Ly, L, Lg.

Reorder the points so that, S(Ws;41, ..
then the approximation for a is:

o Wsigs) > 0

N _

S0 Sa(Wsigt, -, Waigs)
N _

Yo S(Waigt, -, Waigs)

similarly for b,c, and d, proof in Appendix 1, (the re-
ordering only entails changing the sign of the determinant).

Remark: The rate of convergence for the coefficients is
O(N~1/2) which is optimal.

Remark: This algorithm is, similar to the algorithm in
the case of straight line.

Remark: The algorithm takes O(N) time and O(1) stor-
age.
Remark: The algorithm is more stable if the quituplets
are not taken to be points that are very close together.

The free coefficient

The last problem is to find the coefficient e, which is essen-
tially a scale or size parameter. This is possible only with
additional assumptions: we will assume that the noise is
Gaussian (the same type of analysis can be carried out
for other families of noise, such as, uniform). This analy-
sis is much more dependent on the noise characteristics of
the points and on the type of conic section under scrutiny,
the type is known either from prior knowledge or from the
coefficients already computed. The derivations are in Ap-
pendix II. To see intuitively why this parameter is different,
look at the problem of approximating the radius of a circle
with known center, the average distance of the points of
the noisy circle do not center around the radius as the cur-
vature gets larger more and more points will fall outside of
the circle.

By translations and rotations (they keep a Gaussian dis-
tribution) - we can arrive at one of two kinds of equation:

24 kyi=M

or
24+ ky=M



where k is known and M is unknown constant.

The first case includes ellipses and hyperbolas; the sec-
ond case is parabolas.

Circle, ellipse, hyperbola z? + ky? = M:

Define:
1 Y 1 Y
Ay = — X2 +kY?), By = — X2 4+ kY22
N N;( z+ z)) N N;( z+ z)
L X
_ 2 24,2
SN—ﬁZ;(Xi‘i'kYi)
_ 2 2 — 12
5 _ 25N V45% +2(k2 + 1)(By — A%) o
2(k2 4+ 1)
AN—(1+]€)Z—>pM
Parabola, 22 + ky = M:
Define:
1 Y 1 Y
Ay = =S (X2 +EY;), By = — > (X2 +kY;)?
N N;( i T )a N ]\7;( i T )
1 X
_ 2 2
SN—Ng(XZ»—I—k)

Z=5—k —\/4(Sy — k) — 2By — A}) — o’

AN -2 —p M

Results

These methods result in curves that are visually almost
indistinguishable from the original curves. Results of mod-
eling on 100 points for circle with center (0,0) and radius
20 when there is a (0, 5)-Gaussian noise.

Method | Zcenter | Yeenter | radius
LSQ -0.21 -0.41 21.43
This +0.08 -0.04 | 20.23
True 0 0 20

Some typical results of fitting points with this method:

Appendix I

Proposition 1.

E(S(Wl e Wg)) = S(wl .. ’LU5)
E(SG(W1W5)) = Sa(’wl...’Uis)
E(Sb(Wl e Ws)) = Sb(wl .. w5)
E(Sc(Wl Ws)) = Sc(wl...tU5)
E(Sd(Wl W5)) = Sd(w1 ws)
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+ +
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Figure 1: Some example sets:

Figure 2: Some example sets:

(but the analogical equation for S, is wrong).
Proof: < First,

E(XY)= E(X)E(Y)
EYH) =EY)2+V(Y)
E(Y)

=zy
=402
=z
=Yy
and so

E(L(W)) = (zy, v + 0%, 2,y,1)

Second, by one of the basic definitions a determinant



is a sum of £ products of matrix elements from different
rows. But the members in different rows are functions of

Figure 3: Some example sets:

different points and therefore they (matrix’ elements) are
independent —>

E(L(W))

E(L(Ws))

vy yit+or w1
— det ) .

Tsys yr+ol ws o ys 1

By the properties of the determinant we can subtract the
5" (column of 1-s) multiplied by o2 from the 2" column
(y? + 0?) - and the value of the determinant will be the

same:

vy oy w1 oy 1

T5ys Yr x5 ys 1

= S(w1 - .w5)

(the last sign “=" by definition of S).

Similar proofs work for S,, S;, S¢, Sq. >

Proposition 2. If wy = (z1,41),...,ws = (¢5,y5) are on
the curve v its polynomial equation is

then

22 =axy+ byt +ecx+dy+e

Sq = Sa, Sy =S5b, S, =Sc, Sq=5d

where S, S,, ..., 54 are defined as above.

Proof
<1 Write the polynomial equation of v
for wi = (z1,¥1), ..., ws = (x5, ys) as a matrix equation:
2 ¢ 2
ziyr yi 1 oy 1 b xy
AN e =]
xsys Yz rs ys | d @3
€

The proposition follows from Cramer’s rule for this linear
system. >

Proposition 3: If (W;);=1,. ~v is a “good” picture then
it is possible to change the numbering of a pictures points
s.t. in probability

lim Ay =a, lim By =b,
N—oo

im Cy=¢, lim Dy=d
N—oo N—oo

1
N—oo

where
N

An = 225:0 Sa(W5i+1; ey W5i+5)
N = N1
EiS:O S(W5i+1, LR W5i+5)

and By, Cn, Dy are defined by the same way (we suppose
that N/5 is integer).
Proof: <1 Change the order of points s.t.

S(Wsit1,--., Wsiys) >0

So
N _
A  Yiie (Sa(Wsiga, .- -, Waigs) — aS(Waita, - -, Waixs))
N—a= o
Yoizo S(Wsita, .., Wsigs)
Now

E((SG(W5Z'+1, ey W5i+5) - aS(W5Z-+1, ey W5i+5)) =

= E((SG(W5Z'+1, ey W5i+5)) - aE(S(W5Z'+1, ey W5i+5))

= Sa(Wsit1, ..., wsi45)) — aS(Wsi41, - .., wsit+5) (by proposition 1)
= 0 (by proposition 2)

and therefore by the Law of Large Numbers

ol

-1

E (Sa(Wsig1, . .., Waizs)—aS(Wsiy1, ..., Wsiys) = O(VN)

i=0
in probability. But

¥
Z S(Wsig1, ..., Wsigs) = Q(N)

i=0

(here all summed members are positive)
= Ay —a= O(N_1/2) and finally limy oo (An —a) =
0 or in another words

Iim Ay =a
N—x

in probability.
The same style of proof works for By ,Cn, Dn. >



Appendix II

E(Y;) =i
B =athe
E(Y?) =g+
E(XH) =z} +6270% + 304
E(Y) =y 6yl + 30"
E(XPY?) =ajy? + (2} + y)o? + o
E(X2Y:) =iy +yio?

2 + ky?:

E(ANy) =M+ (1+k)o?

E(By) = M?+ &5 (627 + 6y? + 2k(z? + y?))o
+(3 + 3k% + 2k)o*
N
Ei:l

= (B(AN)) + %
From the last equation we see that E(By) — (E(An))?
is positive. Second, we can continue the calculations for

E(BN)Z

(xf +ky7) +2(1 + k*)o*

E(By)—40%Sy = E*(Ay) — 2(1 + k*)o*
But Ay —, E(An) and therefore
201+ k?)Z? —4SNZ + (By — A%) — 0

where Z = 2. Solving the quadratric in 02 and taking the
positive square root as o2 must be positive gives the result.
22+ ky=M:

=M + o2
= (E(AN))? +20% + 42202

B(X} + kY)
E(X? + kY))?

Continuing as in the last case we get the final result.
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