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A methodto computemotion modelsin real time fr om point-to-
line correspondencesusing linear programming is presented.The
reasonfor using point-to-line correspondencesis that they are the
most reliable measurementsfor image motion given the aperture
effect, and it is shown how they can approximate other motion
measurementsaswell.

An error measure for imagealignment using the ��� metric, and
basedon point-to-line correspondences,achievesresultswhich are
morerobust than the commonlyused ��� metric. The � � error mea-
sure is minimized using linear programming. While estimators
basedon ��� are not robust in the breakdown point sense,exper-
iments show that the proposedmethod is robust enoughto allow
accuratemotion recovery over hundredsof consecutive frames.

The � � solution is compared to standard �	��

����������������� and
Least Median of Squares ( ����
�� � ) and it is shown that the � �
metric providesareasonableandefficientcompromisefor differ ent
scenarios.The entire computation is performed in real-time on a
PC without specialhardware.

Key Words: motion analysis;linear-programming.

1. INTRODUCTION

Robust, real-timerecovery of visual motion is essentialfor
many vision basedapplications.Numerousmethodshavebeen
developedfor motion recovery from imagesequences,among
themarealgorithmsthatcomputethemotiondirectly from the
grey level valuesor local measuresof them[14, 20, 16, 3, 17].
A secondclassof algorithmsusefeaturepointsor opticalflow
to recovermotion[1, 9, 15]. A probabilisticerrorminimization
algorithm[26] canbe usedto recover motion in the presence
of outliers.Anotherclassof algorithmsuseexplicit probability
distributionsof the motionvectorsto calculatemotionmodels
[23]. Black andAnandanpresented[7] a framework for robust
calculationof optical flow basedon the Lorentzianestimator
anda GraduatedNon-Convexity algorithmseekinganoptimal
solution. Bab-HadiasharandSuter[4] presenteda robustopti-
calflow calculationbasedon �!�"
�� � (LeastMedianof Squares).#
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Most of themethodscitedabove have problemswhencom-
puting high-ordermotion models(e.g. an affine motion mod-
el or a homography):either they are sensitive to outliers, or
the executionspeedis slow. Algorithms basedon iterative re-
weighting �	��

���$�%�&�'�(� ��� have tuning and initial guessprob-
lems, especiallyin multiple model cases. The ����
�� � faces
complexity andaccuracy problemswhenit is difficult to obtain
agoodhypothesisby randomselection.

In this paper an algorithm is presentedto recover high-
ordermotionmodelsfrom point-to-linecorrespondencesusing
linear-programming.Point-to-linecorrespondencesarerobust
in thesensethat they arelargely insensitive to apertureeffect-
s andto T-junctions,unlike the commonpoint-to-pointcorre-
spondences.Point-to-linecorrespondencescan also approxi-
mateothermeasurementsaswell, suchaspoint-to-pointcorre-
spondences,correspondenceswith uncertainty, andthe spatio-
temporalconstraint.

The �)� metric *�+-, .0/)132'/$, 4 canbeusedwith thepoint-to-line
correspondences,and is muchmorerobust thenthe ��� metric*65 + *7.0/8192'/:4$;�4 . For example,the medianminimizesthe � �
metric, while the centroid(average)minimizesthe ��� metric.� � basedestimatorsarenot robust in the senseof breakdown
point [11, 24, 25] asthey aresensitive to leveragepoints.How-
ever, our experimentsshow that in motion analysisthe ��� er-
ror measureis robustenoughto computeaccuratemotionover
hundredsof frames,evenwith large moving outlier objectsin
thescene.Moreover, this is donein real-timeon a regularPC
( <>=!=!?A@CB ).

Thelinearprogrammingsolverdoesnotneedaninitial guess
nor a noise scaleestimate,which are required for iterative
re-weightedleast-squarealgorithms(suchas �	�D
6���$�����'�(� ��� ).
Comparisonsbetweenestimatorsbasedonthe �)� metricandthe
robust �!��
�� � estimatorsshow that global motion analysisus-
ing the ��� estimatoris only slightly lessrobustthanthe ����
�� �
estimator, but the � � computationis muchfaster.

The motion analysisconsistsof computinga model based
alignmentbetweensuccessive frames. The alignmentprocess
consistsof two steps:(i) Computingcorrespondencesandrep-
resentingthemaspoint to line correspondencesis describedin
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Section2. (ii) Converting the alignmentprobleminto a linear
programusingthe point to line correspondences,andsolving
it, isE describedin Section3. Section4 describesexperimental
resultsandcomparisonswith othermethods.Section5 gives
concludingremarks.Theappendixdescribesa possibleexpla-
nationfor theexperimentalinsensitivity of ��� motionestimators
to leveragepoints.

2. POINT TO LINE CORRESPONDENCES

Point to line correspondencesareuseddueto their insensi-
tivity to theapertureeffect. This sectiondescribestheaperture
effect,point selectionfor thepoint to line correspondence,and
the useof point to line correspondencesto representnormal
flow andfuzzycorrespondences.

2.1. Apertur eEffect

A moving line viewedthrougha smallaperturewill have an
apparentmotionwhichis normalto theline. Thisphenomenais
calledthe “apertureeffect”. An exampleof theapertureeffect
is show in Figure 1. Given the apertureeffect we expressa
constraintonthedisplacement*7FHG6I04 suchthatpoint JLKM*ONPG6QR4
in thefirst imagehasmovedto thestraightline S!*7NUTLFHG6Q"TLIV4
in thesecondimagedefinedby theline equation:S�*ONWTXFHG6QYTXI04[Z\.]*ONWTXF^48T_2 *7QYTXI04HTX`aK\= (1)

Without lossof generalityweassumefor therestof thepaper
that . ; T_2 ; KAb by normalization.

2.2. Point selection
For computationstability, selectedpointsshouldbe spread

evenly over the image.Pointsshouldbelocatedon strongfea-
turessuchasedges,andthey shouldhavebalancedX-direction
andY-directioninformation. Thefollowing stepswerecarried
out to selectpointsin real-time:

1. c pointswereevenly spreadover the imagein a chess-
boardgrid.

2. “Black” pointswereallowedto moveslightly horizontally
to find strongvertical edges.“White” pointswereallowed to
moveslightly vertically to find stronghorizontaledges.

3. Thebest d “black” pointsandthebest d “white” points
( e>dgfhc ) wereusedastheselectedpoints.

2.3. Normal Flow
An optical flow constraintcanbe deriveddirectly from im-

ageintensitiesusingthegraylevel constancy assumption.This
optical-flow constraintis givenby [14, 20]:F]i�j�TXI�i�klT_i'm[Kn= (2)

where *OFoG$IV4 is the displacementvector for the pixel, andi�jRG
i�k0G6i�m arethe partial derivativesof the imageat eachpixel
with respectto X-axis,Y-axisandtime.

Eq. (2) describesa line, which is the apertureeffect line.
When i ;j Thi ;k is normalizedto b the left handsideof Eq. (2)
becomestheEuclideandistanceof thepoint *ONPG6QR4 from theline

a) b) p
q

FIG. 1. Exampleof an apertureeffect. a) The white arrow representsthe
actualmotion,while theblackarrow representstheapparentmotion. b) Point
to line correspondence.

passingthrough *ONUTrFHG6Q�TLI04 , which is alsocalledthenormal
flow [2].

2.4. Fuzzy Corr espondence

An optical flow vectorbetweensuccessive imagesin a se-
quencerepresentsthedisplacementbetweena point in oneim-
ageto thecorrespondingpoint in thesecondimage.While it is
difficult to determinethis point to point correspondenceaccu-
ratelyfrom theimagesautomatically, a correspondenceis usu-
ally assignedto the most likely point. For example,given a
pointin oneimage,thecorrespondingpointin thesecondimage
will betheonemaximizingsomecorrelationmeasure.Howev-
er, suchcorrespondencesareerrorprone,especiallywhenother
points in the secondimagehave a local neighborhoodsimilar
to therealcorrespondingpoint.

A possiblesolution to this problemis to postponethe de-
terminationof a uniquecorrespondenceto a laterstage,andto
representtheuncertaintyasit is givenby thecorrelation.In this
casethecorrespondencewill not bea uniquepoint,but a fuzzy
measureoverasetof possiblecorrespondingpoints.

Thefuzzycorrespondenceof apoint J canberepresentedas
a matrix st*7Ju4 (the fuzzy correspondencematrix)[23]. s is
computedusingthesumof squareddifferences( vRv^w ) values:st*7FHG6I04xK\y + /Oz {�|�} *7~���*O�'T�FoG���T�IV4�1�~��V*O��G(��464 ; for awindow�

aroundpoint J in image ~�� . Theparametery is a normal-
izationfactors.t. +�� z � st*OFoG$IV4�K�b . Eachcell *7��G�� ) of st*OJx4
correspondsto theprobability thatpoint J hasa displacement
of *O��G��04 . In many casesthe fuzzy correspondencematrix has
a dominantcompactshape: points on cornersusually create
a strongpeakwhile edgesform lines. A commoncaseis an
ellipselikeshape.While thefuzzycorrespondencematrixcon-
tainsall correspondenceuncertainty, utilizing this information
to its full extentis difficult.

To enablecomputationof globalmotionwith linearprogram-
ming, we proposean approximationof the fuzzy correspon-
dencematrix. An ��� distancemap obtainedfrom a point to
two linescorrespondences.Thisapproximationis givenby two
lines:S��(*ONPG6QR4�ZM*:��/:N"T���/:Q�Tr��/�4�Kn= with two associatedweights,� / , *7�YK�b>G
e!4 . The weightedsumof both distancesforms an�)� “cone”. Eachequidistantline on theconeis an ��� “ellipse”
with eccentricityproportionalto the weightsof the two lines.
Figure2 shows theapproximationof a correspondencematrix
by distancemap. For the discretecaseof the correspondence
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matrix, ��� distanceis alsocalledcity-block or Manhattandis-
tance. The distancemapis computedusinglines andweights
obtained� by a weightedHoughtransformover theoriginal cor-
respondencematrix [19]. Themaximumbin correspondsto the
mainaxisline. A secondlocalmaximumbin correspondsto the
secondline. The bin valuesaretakenasthe weights � / . This
approximationcan also be usedto expressthe point-to-point
correspondence:*ONHG$QR4���*ON���G$QV��4 which canbe approximat-
edby point to two linescorrespondences:betweenpoint *ONPG6QR4
andtheline *7N�K�N���4 , andbetweenthesamepoint andtheline*OQ3KhQ � 4 , with weights�a� K � ; . TheHoughtransformis used
to find boththelinesandtheweightsresultingin thefollowing
constraintfor thedisplacementof point *7NPG6QV4 :� � S � *7NWTXFHG6Q�T_I048T � ; S � *7NWT9FoG$QYT9IV4�K\= (3)

Thegeometricalmeaningof thisconstraintis thatpoint *ONPG6Q )
hasmovedby adisplacementof *7FHG6I ) andis now locatedonthe
intersectionof thetwo lines S � , S)� .
3. � � ALIGNMENT USING LINEAR PROGRAMMING

Imagealignment,or registration,is theprocessof recovering
thecoefficientsof a globalmotionmodelusingtwo images.A
hierarchy(every modelis anextensionof thepreviousmodel)
of commonglobalmotionmodelsis [6]:

Translation - a two parametermodel *OFoG$IV4 : *7NPG6QV4�� *7N3TFHG6Q�TXI04 . 2D horizontalandverticalmotion.
Similarity - a four parametermodel *7.�G�2)G$FoG$IV4 : *ONHG$QR49�*7.�NWT	2�QYTXFoG�1�2�NUT_.!Q�T9IV4 . Translation,scaleandrotation.
Affine - a six parametermodel *:.�G
2)G
` G6¡�G$FoG$IV4 : *ONHG$QR4n�*7.�NWT	2�QYTXFoG6`'N¢T_¡>Q�T9IV4 . Similarity andshear.
Homography - aneightparametermodel *:.�G�2)G6`�G6¡�G6£�G
¤�G6FHG6I04 :*ONHG$QR4&�¥*§¦ j§¨P©�k�¨ �ª j§¨P«�k�¨ � GR¬ j�¨P­�k�¨8�ª j�¨P«�k�¨ � 4 . Trueprojective transformation

of aplane.

Imageregistrationis usefulfor many applicationsincluding
(i) camerastabilization,(ii) ego-motioncomputation,(iii) de-
tectionof moving objects,(iv) mosaicing.Thealignmentpro-
cesshastwo steps:(i) Computingcorrespondencesandrepre-
sentingthemaspoint-to-linecorrespondences.(ii) Converting
thealignmentprobleminto alinear-programusingthepoint-to-
line correspondences,andsolvingit. Thefirst stepwasdetailed
in Section.2, andin this sectionthe secondstepis described.
In particular, we show how to computetheeightparameter2D
homography, whichcorrespondsto thetransformationbetween
differentviewsof aplanarsurface.

A homography® is representedby a <D¯L< matrix, whose
i’ th row is designated® � . ® is normalizedby setting ®�° z °¢Kb leaving eight independentparameters. A 2D point J±K*ONHG$Q]G�b)4 m (in homogeneouscoordinates)locatedat image ~§� is
mappedby thehomography® into the2D point Jo� in image~��
asfollows: J � Kg² *7®³�"´§Ju4*7®�µY´§Ju4 G *:®���´�Jx4*:®�µY´�Jx4 G�b§¶ m

(4)

a) b)

c

d) e)

FIG. 2. Approximationsfor fuzzy correspondences.b) Thefuzzy correspon-
dencematrix betweensuccessive imagesfor the point that is marked with a
whitearrow in (a). In thisexamplethecamerawasnotmoving andthe“ellipse”
is locatedat thecenterof thecorrespondencematrix. c) WeightedHoughspace
of thecorrespondencematrix. Arrows point to thepeaklocations.Peakvalues
(591, 1342)areusedasweights. d) The lines usedto approximatethe fuzzy
correspondencematrix. Intensitycorrespondsto weight. e) Weightedsumof
city-blockdistancefrom thetwo linesin (c) is usedastheapproximationof the
fuzzycorrespondencematrix in (b).

The Euclideandistanceof point Ju� from constraintline S·K*:�aN]T��UQ¸TY��4 , usingEq. (4), isgivenby thefollowingequation
which is zerowhenthealignmentis perfect.¡�¹¢*7J � G6S)4[K ² �U*7® � ´�Ju4*7® µ ´§Ju4 T �º*7® � ´�Jx4*7® µ ´�Ju4 T	� ¶ (5)

Multiplying Eq. (5) by *7® µ ´§Ju4 (which is non-zerofor a finite
sizeimage)givesthefollowing linearequationfor the residual
error of point J :» ¹ *7J � G
S�4_K¼¡ ¹ *OJ � G
S�4�*7® µ ´�Jx4 (6)K¼�¢*7®³�"´§Ju4PT_�½*:®���´�Jx4PT_�C*:® µ ´�Jx4
In orderto get a linearequation,we multiplied the geometri-

cal distance¡ ¹ *OJu�:G
S�4 by the(unknown) value *7® µ ´§Ju4 result-
ing with analgebraicdistance.Thecoordinatesof J shouldbe
normalizedto reducebias [13, 12]. Settingthe residualerror» ¹ *7Jo��G6S)4 to zerogivesa linear constrainton the elementsof
the homography@ that statesthatpoint J is mappedto pointJu� which is on theline S .
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In order to recover the eight parametersof the 2D homog-
raphy ® , at leasteightsuchpoint-to-linecorrespondencesare
required.¾ Eachpoint to two-lines correspondence(the linear
approximationto fuzzy correspondence)gives one equation.
Whenmore than eight point-to-line correspondencesare giv-
en ® canbe recoveredby solving the following minimization
problem: ¿

®ÀK\. »�Á0Â �(ÃÄ ÅÆ /�Ç � � /�, » ¹ *OJ � / G6S�/:4§, (7)

This error minimizationproblem,a minimizationproblemsin
thesenseof �)� (alsocalledcalled ��È[É for leastof absolutedif-
ferencesis convertedinto the following linearprogram,where
oneconstraintequationis written for eachpoint-to-linecorre-
spondence:Â �(ÃrÊ + Å/�Ç � � /
*7Ë ¨/ T	Ë¸Ì/ 4Í!Î Ï'Î��/
*7®³�"´�Ju/(4PTX��/$*:®��Y´�Ju/�4HT_�&/
*7® µ ´�Ju/�4HT�*:Ë ¨/ 1LË Ì/ 4�K�=Ë ¨/ G
ËRÌ/\Ð =*:Ë ¨/ TgË Ì/ 4 is the absolutevalue of the residual error,» ¹ *OJu� / G6S�/(4 . This is donesinceonly positive valuesareusedin
linearprogramming[18, 8]. Eachresidualerror is represented
by thedifferenceof two non-negativevariables:» ¹ *OJ � / G6S�/:4lKË)/PKM*:Ë ¨/ 1rËRÌ/ 4 , oneof which is alwayszeroat theabovemin-
imum.

Notes:

1. Whentheconstraintsareof theform:Ñ�Ò 1nÓXTÕÔnKÖ= , a basicfeasiblesolution that satisfiesthe
constraintsis givenby

Ò K×=RG
ÔDKØÓ . This enablestheuseof
anefficientone-phasesimplex algorithmto solve theproblem.

2. This linear programcanbe usedto minimize any linear
equation: ?Õ��Ã[*
, Ñ½Ò 1ÙÓ�, 4 . Parameternormalizationor anad-
ditionalconstraintmaybeneededto avoid azeroroot if ÓLK\= .

3. If
Ñ

is an * Â ¯DÃP4 matrix, Â is thenumberof constraint
equationsand Ã is the numberof parameters* ÂÛÚ ÃP4 , then
thelinearprogramwill have a total of e¸* Â T_ÃP4 variables: e Ã
variablesfor thevariablevector

Ò
, and e Â variablesfor thes-

lack variablevector Ô . The factorof two is neededsinceeach
variableis representedby adifferenceof two non-negativevari-
ables.

4. TheslackvariablevectorÔ containstheerrormeasuresfor
eachpoint (theresiduals).

5. Additional linear constraintscanbe addedto the recov-
eredmodel.For examplewe candefinea motionmodelthat is
moregeneralthansimilarity but hasboundedaffine/projective
distortions.

4. EVALUATION

Threetypesof evaluationprocedureswereperformed(i) test-
ing thealgorithmusingreal-imagesequences.(ii) acomparison

between��� to other � 
6���$�����'�(� ��� andto the �!��
�� � estimator.
(iii) efficiency considerations.The testswere appliedto dif-
ferent typesof outliersandwe show that ��� providesa good
compromisewhich is stableenoughto copewith differentcat-
egoriesof outliersandefficient enoughto beusedin real-time
even for modelswith a large numberof parameters.To bal-
ancethe evaluationwe alsodescribea scenariowhere ��� fails
completely. Section5 discussestheresults.

4.1. ImageRegistration and MosaicingExperiments

Imageregistrationwas introducedin Section3, mosaicing
usesimageregistrationto createlarge imagesby seamlessly
stitchingsmall imagesinto a largeimage.

A major problem in imageregistrationand mosaicingare
outliersdueto multiple models(eithera complex staticscene,
or moving objectsin the scene).Oneway of copingwith this
problemis motion segmentationwhich is the processof seg-
mentingthe image into different regions according the their
motion. However motion segmentationis at leastas difficult
asmotionrecovery.

This sectiondescribesreal imageregistrationandmosaicing
in the presenceof outlierswithout motion segmentation.The
motionanalysisis doneusingpointto line correspondencesand
linearprogramming��È[É .

To compareour model to existing point-to-pointmethods,
we convertedeachpoint-to-pointcorrespondenceto two point-
to-line correspondencesaccordingto Section2.4. Thepanora-
maexampleusedpoint-to-linecorrespondencescomputedfrom
fuzzycorrespondencematrices.

4.1.1. Mosaicingwith Similarity Model

A panoramic image was created in real-time ( b�=Ü1b)e>¤ » . Â £ Í Ý�Í £)`�Þ)Ã8¡ Í , imagesizeof <!e>=½¯9e ß�= pixels,motion
limits by thecorrespondencematrix of à�á pixels)usinga PC,
asshown in Figure. 3.b. While the camerawasscanningthe
scene,a large pendulumwasswinging. The sizeof the pen-
dulum was large enoughto createabout15% outliersamong
the featurepoints. Sincethe stabilizationalgorithmusedon-
ly frame to frame motion recovery, any error will causethe
panoramato fail. Figure. 3 shows thependulum(andits shad-
ow) appearing/disappearingseveral timesdueto the swinging
motion.Howeverall frameswerecorrectlyalignedwith asim-
ilarity modelascanbeseenby theobjectsthatwerenotocclud-
edby thependulum.

4.1.2. Homographies:Comparisonwith ���
This off-line experimentcomparesthecomputationof a 2D

homographyusing ��� registrationto the least-squaresmethod
for point-to-point registration. Given two images, the fea-
ture points were selectedautomaticallyfrom a bi-directional
optical-flow field. Eachselectedpoint had a strongintensity
gradient,andtheopticalflow from thefirst to thesecondimage
agreedwith theopticalflow from thesecondto thefirst image.
Selectedpointsareshown in Figure.4.a.
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a) b)

FIG. 3. Mosaicingexamples.a) Pointselectedfor motioncomputation.Four of thethirty pointsarelocatedon themoving pendulum.b) Panoramicimagethat
wascreatedwhile apendulumwasswinging.Thealignmentwasnot affectedby theoutliers.

The alignmentof the secondimage to the first imageus-
ing thehomographythatminimizesthe ��� distancebetweenthe
computedcorrespondencesis shown in Figure. 4.d. It is com-
pletelyuselessdueto outliers.

The � � alignmentusedthe samedata, but convertedeach
point-to-pointcorrespondenceinto two point-to-linecorrespon-
dences(point *7FHG6I04 is convertedto the two lines *7N9KØF^4 and*OQ3KhIV4 ). Figure.4.cshowstheaverageof thetwo imagesafter
alignment.Thealignmentis now very good,andcanbecom-
paredto Figure. 4.b wherethe two imageswereaddedbefore
alignment.

4.1.3. ComputingAffineMotion fromNormalFlow

An affine alignmentbetweentwo imagescanbe computed
from normalflow by an iterative method.In this example112
pointsresidingonstrongedgesandspreadevenlyacrosstheim-
agewereselectedautomatically(off-line). Theiterationswere
asfollows:

1. The normal flow is computed from spatio-temporal
derivativesandrepresentedby a line constraintasdescribedin
Section.2.3.

2. An affine motion modelwascomputedusinglinear pro-
grammingfrom thelinearconstraints.

3. Thesecondimagewaswarpedtoward thefirst imageus-
ing theaffinemodel.

4. Repeatsteps1-3 until convergence.

The iterationsarenecessaryin this casesincethe accuracy of
thenormalflow dependsontheaccuracy of thespatio-temporal
derivatives, which increasesas the motion estimatebecomes
better. Figure. 5 shows theregistrationresultsfor the ��� regis-
trationby normalflow lines.

4.2. � � comparisonto ��âWã�ä�å and the æuç�è�é>êâØë·ã�ì�í$î%ï�ð�í�ñ ò�	�D
6���$�����'�(� ��� are not consideredrobust in the senseof
breakdown point which is zero. [25, 11, 4]). �)� is a particular�	��

������������� � andthereforehasazerobreakdownpointaswell.
Moreover, evenamong �	��

������������� �ó� , ��� is not consideredthe
bestone,other �_�D

�:�$�����'�(� ��� suchasthe ôoõ!ö'÷�øù�	��

���$�%�&�'�(� �
havebetterresistanceto outliers.TheLeastMedianof Squares
( ����
�� � , alsocalled ú&?üû ) estimatoris awell knownrobustes-
timator[21, 24] whichhasabreakdownpointof = Î%ý , thehighest

a) b)

c) d)

FIG. 4. Computinghomographyusing ��� registrationcomparedto � � regis-
tration. Thesamefeaturepointswereusedin the � � minimizationandthe ���
minimization. Both examplesaresingleiterationoutput,no segmentationand
no re-weightingwereused.a) Selectedfeaturepointsaremarked on oneim-
age.b) Theaverageof thetwo original imagesto show their misalignment.c)
Theaverageof the imagesalignedwith thehomographyobtainedusinglinear
programming.d) Warpingthe secondimagetowardsthe first imagewith the
homographyobtainedusinga least-squaremethod.

valuepossible.However, ��� asa convex linearproblem[8] has
anadvantagethattheoptimalsolutioncanbefoundby a deter-
ministic andefficient algorithm. The comparisonis therefore
betweenthefollowing (estimator, algorithm)pairs:

( þ # , ûu� ÂWÿ�� £�N ) - The �)� basedestimator( �§È[É ) is definedby:¿� Kn. »�Á�Â �(Ã� Æj��(|�� , » /7z � , (8)

Where

¿� is theestimatedmodel, � is themeasurementmatrix,	 � z � is theresidualerrorof measurementsN�/ with respectto the
model � . The algorithmusedfor minimizationis the simplex
algorithm. Note that this equationhasno scale(variance)as-
sociatedwith it sincethe scaleis not requiredby the simplex
algorithmandit doesnotchangethelocationof theglobalmin-
imum.

( 
���
����������������������� �!�"$#&%�þ(' ) - The ôoõ�ö'÷�øù�	��

������������� � is
definedby:
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a) b)

c) d)

e) f)

FIG. 5. Normal-flow point-to-line �)� registration.a) First image.b) Second
image. c) Averagingof (a) and(b) shows the displacementbetweenthe two
images. d) Magnifiednormalflow of the selectedpointsat the last iteration,
displayedover a gradientmap. The outliersareeasyto spot. e) (b) warped
towards(a) usingtheaffine modelcomputedby �)� alignment.f) Averagingof
(a)and(e)shows goodalignmentin mostof thescene.¿� K . »�Á�Â �(Ã� Æj��(|�� ) * » /Oz � Ý�* /(4 (9)

) *OF^4	K +-,(./10 bl1h*�ba1h* � ¦ 4 ; 4 °�2 , Fu,43·�,(./ , Fu, Ú �
Where) *7F]4 is thelossfunction, � is a tuningparameterand * /
thescaleassociatewith thevalueof » /Oz ¦ .

Equation9 is often solved by an “iterative re-weightedleast-
squares”( 576^��� ) [22] with thefollowing weightfunction:

� *OFDK » /Oz ¦ Ý98* 4	K;:"*7F]4 Ý F (10)

:"*OF^4[K ) *OF^4 � K + F 0 b&1h* �, 4 ; 2 ; , Fx,�3h�= , Fx, Ú �
Where 8* is ascaleestimate.Thefollowingscaleestimationwas
usedin thetest

8* K=<Æ /óÇ � � / » /Oz ¦c (11)

Initially we set � /¢K b , �-K ß Î á andwe fine tuned * to bee 8*UÎ§Î�Î ß 8* . This fine tuning proved to be useful probablydue
to the aggressive outlier rejectionof the ôoõ�ö'÷�øD�_�D

�:�$�����'�(� �
which rejectsthe“tail” of theinliersaswell.

( ����
�� � , >�����?��&?��7@ � ���$� A
ÈB@ C�� � � ��D � ) - The ����
�� � estimatoris de-
finedby: ¿� K\. »�Á�Â �(Ã� Â £�¡!� .�Ãj � |�� » ;/7z � (12)¿� is computedusingrandomsampling[10, 24, 26]. Thealgo-
rithm,giventhat E datapointsarerequiredto computeanmodel
hypothesis

¿�GF , then û1E -pointshypothesesarerandomlyselect-
ed from dataset. Thehypothesis

¿��H with the smallestmedian
is chosenastheestimate

¿� .

4.2.1. SyntheticdataTestconfiguration

The following three tests: “noise scenariotest”, “spread-
pointsbi-modelscenariotest”andthe“bi-modelshift errorsce-
nariotest”wereperformedusingsyntheticdata.Thetestswere
generalandwerenot specificallyrelatedto images.All three
sharedthesamebasicconfiguration:

a) b) c)

FIG. 6. I�JLKNMNO��	��

���$�%�&�'�(� � converges.a)Residualsof theinitial guess(LSQ).b) Residualsafterthefirst iteration.c) Residualsafterthesixth iterationover
thegroundtruth transformationresiduals.Thetwo graphsarealmostidentical.
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FIG. 7. Monte-Carlotest histogramfor the noisescenario. The I�J�K�MNO�	��

������������� � producedthe best resultsfollowed by ����
�� � which was
closelyfollowedby ��È[É .Ñ Ê�PRQ"�SPRQ - the model to be estimatedwasa randomly
selectedlineartransformationof sixteenparameters.� - themeasurementswerea setof 100source-targetpairs
of pointsin P Q . The sourcepointswererandomlyselectedin
the range 0 1�b�=>= Î§Î�Î b§=!= 2 . The inliers were the first 60 points
which weretransformedby

Ñ
, therest40 pointswereoutliers

andweresetaccordingto the specifictest. Normal noisewas
addedto thetargetpoints.

We evaluatedtheresultsusinga separation criterionof sim-
ply countingthe numberof inliers that were includedwithin
the smallest’ Ã ’ residuals,where Ã is the total numberof in-
liers. Thetestsconsistsof 200iterations,eachtime thenumber
of inliers thatwerewithin thesmallest60 inlierswascomputed
usinga new setof

Ñ
and � andtheresultswerecollectedin a

histogramof 60bins.

4.2.2. Noisescenario

In this testtheoutliersconsistsof normalnoise *LTN�KÕ=¸G * Kb§=�e>4 , inliershadanadditivenormalnoise *LTN�Kn=¸G * K\e>=!4 .
Theresultinghistogramis shown in Figure7. Wecanseethat

for this scenariothe ôoõ!ö'÷�øW�_�D

�:�$�����'�(� � providedthebestre-
sults,followedby �!��
�� � which wascloselyfollowedby �§È[É .

FIG. 8. Monte-Carlotesthistogramfor the bi-modelscenario.Left: � � ,����
�� � and I�J�K�MNOY�·�º

�:�$�����'�(� � histogramfor model-1. Right: I4JLK�MUO�	��

���$�%�&�'�(� � histogramfor model-2. A goodseparationwould result in
peaksaround60at thefirst modelandaround40at thesecondmodel.

In many similar tests(with slightly different parameters)we
found the samepattern- the ôoõ�ö'÷�øL�	�D
6���$�����'�(� � converges
very fast(4-6 iterations)andgivesthe bestestimate- provid-
edthatthescaleis tunedandtheinitial guessis “goodenough”.
Figure6 shows the initial guess(LSQ), the first andthe sixth
iterationof the VXW�Y6
[Z>�	��

���$�%�&�'�(� � .

Experimentalnotes: (i) It is essentialto have a goodscale
estimate,if thescaleestimateis wrong the algorithmdoesnot
converge to the model. (ii) Wrong estimation,especiallyun-
derestimation,canoccurduring iterationsandspoil a previous
goodresult.

4.2.3. Spread-PointsBi-Modelscenario

In this testtheoutliersweretransformedby a secondlinear
lineartransformation.

Both inliers andoutliershadanadditive normalnoise *�TNXK=¸G * K�e�=�4 .
The resultinghistogramis shown in Figure 8. we can see

that for this scenariothe �!�"
�� � producedthe bestresult, ��È[É
closely followed it, and the ôoõ!ö'÷�ø��·�º

���$�%�&�'�(� � failed. The
residualsof the �!�"
�� � , ��È[É andthe ôoõ�ö'÷�ø��_�D

�:�$�����'�(� � after

a) b) c)

FIG. 9. Residualsfor thebi-modelscenarioa) ��È[É residualsover thegroundtruth residuals.a) �!�"
�� � residualsover thegroundtruth residuals.c) I4JLK�MUO�	��

������������� � residualsaftersix iterations- failedto converge to any model.
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a) b) c)

d) e) f)

g) h) k)

m) n) o)

FIG. 10. Comparisonbetween� � , optimal ��� , andprobabilistic �!�"

� � affine imageregistrationof thetwo block motiontestcase.a) First image( \^] ). b)
Secondimage( \N_ ). c) Differencebeforeregistration.d) Opticalflow image.e) Reliability map. f) PointSelection.g) \N_ warpedusing � � recoveredmodel.h)\N_ warpedusing � � recoveredmodel.k) \N_ warpedusing �!�"
�� � recoveredmodel.m) Error of the ��� registration- failedto lock ononeobject.n) Error of the� � registration- failedto lock ononeobject.o) Error of the ����
�� � registration- succeeded.
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a) b) c)

FIG. 11. Residualsfor theshift+bi-modelscenarioa) Groundtruth residuals.b) ��� residualsover thegroundtruth residuals.c) ����
�� � (10,000iterations)
residualsover thegroundtruth residuals.

six iterationsareshown in Figure9. The ôoõ�ö�÷�øW�	��

���$�%�&�'�(� �
wasinitialized using �§��` andit couldn’t recover from the �§��`
error. Having a two phasealgorithmby using ����
�� � or ��È�É as
aninitializer maysolve this problem.

4.2.4. Bi-Model,shift error scenario

Theprobabilistic ����
�� � solutionis basedon a d -point hy-
potheses,where d is usuallytheminimal numberof pointsre-
quired to solve for

¿� . What happensif noneof the d -points
hypothesesis closeto

¿� ? For example,let � be the location
of a single point in a�b , � pointswith addednoisevector c
with a symmetricdistribution of orientationsbut with magni-
tude greaterthan somepositive radius P . � will be still the
centroidof themeasurementspointsthereforecanbeeasilyes-
timatedby least-squares,however the bestestimatethe prob-
abilistic �!�"

� � canprovide will be at least’ P ’ away from � .
This problemcanbe solved by increasing’ d ’ - however this
will exponentiallyincreasethe computationtime. In this test
shift errorswereaddedto the bi-modelscenarioto causebad
hypothesis.Theresidualsof thegroundtruth, �!�"
�� � , �§È[É are
shown in Figure11. We canseethat the ��È[É produceda bet-
ter estimatethen the probabilistic ����
�� � however the �!�"
�� �
still produceda goodseparation.Attemptsto completelybreak
down the ����
�� � resultedwith a completebreakdown of �§È[É
aswell.

4.2.5. Close-pointsBi-Modelscenario

Thisscenariousedaverysimple,yetdifficult syntheticscene
that wasspeciallydesignedto breakdown the �§È[É estimator
(no dominantmotion - seeappendix). This scenariohadtwo
identicalpatches(from real images)sliding in oppositedirec-
tions.Thisscenariois difficult in thesensethat(i) bothpatches
have identicaltextureandidenticalmagnitudedisplacement(i-
i) pointsarenot spreadacrossthe image. About 100 “good”
points were automaticallyselected,at about ß�e�Ê ý á ratio.
“Good” pointswerepoints that were locatedon a strongtex-
tureusinga gradientmap(calledreliability mapin Figure10)
andtheforwardandbackwardopticalflow agree.Thesepoints
werefed into ��� , � � andprobabilistic �!�"

� � solvers. The re-

sultsareshown atFigure10. Wecanseethatthe �!�"

� � wasthe
only estimatorin thetestthatcouldseparatethetwo motions.

4.3. Efficiency Considerations

Thissectiondiscussesthetimeefficiency of 576^�§� , probabilis-
tic ����
�� � andlinear-programming.The 5d6^�§� algorithmused
for �	��

������������� �ó� computationis very efficientandconsistsof
few (3-10)leastsquare,re-weightiterations.

4.3.1. Probabilistic ����
�� � timecomplexity

Giventhattheprobabilityof choosinganoutlier is e , thenthe
probability ÿ of having at leastoneperfectguess(nooutliersin
all E selectedpoints)after Ï iterationis givenby [10]:ÿ KMbl1 0 bl1·*$bl1fe�4[g 2 m (13)

Giventhedesiredprobabilityof successÿ , thenumberof nec-
essaryiterationsÏ is givenbyÏ K � Ã[*�bl1 ÿ 4 Ý�� Ã[*$b�1·*$bl1fe�4[g�4 (14)

Thenumberof iterationsrequiredto reacha certainlevel of
confidenceis exponentialin E andin e . Still the probabilistic����
�� � is widely usedin computervision sincethe numberof
datapointsneededfor obtainingahypothesisis rathersmall,for
exampleonly 7 datapoints(triplets)arerequiredfor computing
the26 parameters(up to a scalefactor)of thetri-linear tensor.
Thereis, however, a hiddenassumptionhere. The hiddenas-
sumptionis thatthedatais dichotomic- if apoint is notanout-
lier thanall its coordinatesaregood. Clearly this assumption
is not true dueto several reasonsincluding the apertureeffect
andcameraandscenegeometry. Breakingthis dichotomywill
bevery expensive as E will becomethe numberof parameters
in the model. Anotheraspectof the probabilistic �!�"

� � com-
plexity is the requiredprobability of successÿ . For exampleÿ KÜ= Î h�ý is not consideredgoodenoughfor video processing
as it implies 1-2 bad framesevery second(andmore than20
badframesfor evena simplemosaicwhich consistsof several
hundredsframes).

4.3.2. Linear-programmingcomplexity

The complexity of the linear programis polynomial in the
numberof constraints,which equalsthenumberof correspon-
dences. In most practical cases,however, the complexity is
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known to be nearly linear. During testingthe numberof piv-
ot operationwasapproximatelyÃ ��i j where Ã wasthe number
of points.k
4.3.3. Synthetictestperformancecomparison

In this test we tried to comparethe actual performance
of computing ��È�É using probabilistic algorithm and linear-
programming.Thetestconsistedof thefollowing syntheticda-
ta:
Number of matched pairs: 100 point to point correspon-
dences.
Rank of linear model: E3Knß .
Outliers probability: e¢KM= Î ß (threemotionmodels,matched
pairsaredistributedasfollows: 20,60 ,20).
Added Noise: Normal distribution with zeromeanandvari-
anceis 5%of therange.
Even thoughthe probabilisticalgorithm was able to execute
7000iterationsduring the time the single-iterationlinear pro-
grammingexecuted,theresultsobtainedwereinferior to linear
programmingasseenin Figure.A1.

4.3.4. Real-TimePerformance

Programsfor video mosaicingand for image stabilization
werewrittenbasedonfuzzycorrespondences(Section2.4).Ex-
ecutionwason a PCusingwindows NT with no specialhard-
ware. Imagesequencesweredirectly processedfrom thecam-
eraat 10-12framespersecond.Thepanoramain Figure3 was
createdin real-timeusingthisprogram.In orderto find thetime
allocationwithin the programa profiler wasusedto measure
the time of major programcomponents.The profiling report
is shown in TableA1, we canseethat the linearprogramming
solver usedonly e>=ml of the total time - lessthat the time re-
quiredto warptheimageusingMMX technology.

5. SUMMARY

This paperpresenteda new approachto motion analysisby
converting imagemeasurementsinto point-to-line correspon-
dences,andcomputingthemotionmodelusing �§È[É estimator
computedby linearprogramming.Theapproachwasrobuste-
noughandefficient enoughto allow real-timemosaicingin the
presenceof outliers- a taskthat requiredcorrectalignmentof
all framesusedto constructthemosaic.Thepapercomparesthe��È[É estimatorcomputedby linear-programmingto the ôoõ!ö'÷�ø�	��

������������� � computedby 5d6^�§� and to �!�"

� � computedby
theprobabilisticalgorithm. The ��È[É , linearprogrammingap-
proachwasshown to beagoodandstablecompromisebetween
efficiency and robustness. It performedvery well in various
scenarioswhile having a nearly linear time complexity. The
comparisonshowedthat:5d6^�§� , ôoõ!ö'÷�øù�	��

���$�%�&�'�(� � - Provided superiorresultsfor
noiseonly scenario,however it completelyfailed for bi-model
scenarioor when the noisescaleestimatorwas not good e-
nough.����
�� � , probabilistic �!�"
�� � - Never completely failed in
tests,but behaved poorerthen( ��È�É , ��> ) in a shift error sce-

a)

b)

FIG. A1. Comparingperformanceof linear-programminganda probabilistic
algorithmrunningfor the sametime. 60 of the 100 pointsare in the desired
model ( n�oqpsr t ). a) Error plot for the linear programmingsolution. Clean
separationis obtained. b) Error plot for the probabilistic �!��
�� � solution.
Separationbetweeninliers andoutliersis possible,but not for all points.

TABLE A1

Profiling results.4156frameswerestabilizedin 345.107second= 12
Fps. The componentswere: Next-Frame: capturingthe next frame
time (using doublebuffer technique). Locatepoints: “Good” point
selectionfor thepoint to line correspondence.Houghlines: Comput-
ing thecorrespondencematrix andfind linesusingHoughtransform.
Solve LP: Linear Programmingsolver. Warp: Imagewarpingusing
MMX technology. EverythingElse:Non profiledcodeincludingOp-
eratingSystemoverhead.

Description TotalTime(sec) Percentage Averagetime (msec)

Next Frame 64.72 18.75% 15.56
LocatePoints 3.12 0.90% 0.75
HoughLines 76.52 22.17% 18.41
Solve LP 73.72 21.36% 17.74
Warp 78.85 22.85% 18.97
Display 14.32 4.15% 3.44
EverythingElse 33.86 9.81% 1.36

nario,andlessgoodthen ôoõ�ö�÷�ø��_�D

�:�$�����'�(� � in a noiseonly
scenario. Is non deterministicand of exponentialtime com-
plexity - but still very usefulin vision dueto theusuallysmall
numberof guessesneededfor hypothesisconstruction.��È[É , ��> - Performedvery closeto �!�"

� � . Failedwhenno
dominantmotionwaspresent(SeeAppendix). Performedbet-
ter than �!��
�� � in the shift error scenario,andbetterthanthe
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������������� � in the bi-modelscenario.The algorithm
doesnot requirean initial guessnor a noisescaleestimator, it
is deterministic,
u

hasa convex objective function (andhencea
globalminimais guaranteed),andhasa nearlylinearcomplex-
ity. A goodcompromisein mostpracticalscenarios.

A practicalrecommendationwill be to use( ��È[É , ��> ) or a ro-
bust �!�"
�� � estimatorif thecomplexity allows it - asan initial
guess.Theniterateeitherby 576^��� or by ( ��È�É , ��> ) [5] to im-
provetheaccuracy of theresult.

APPENDIX A

Dominancein Motion Analysis domain

M-estimatorshaveabreakdownpointof zero[4, 25]. Still as
seenin thetests,�§È[É wasableto resistß!=�l outliersquitesim-
ilar to ����
�� � andthe ôoõ!ö'÷�ø��	�D
6���$�����'�(� � andit wasevenbet-
ter then �!�"

� � in thenoiseoutliersscenario.we try to explain
this differenceby looking at therelationshipbetweenleverage
points, dominantmotion,andthefactthatimageshavebound-
ed regionLeveragepointsareoutliersthatarefar enoughthat
evena singlepoint canflip the recoveredmodelvery far from
therealmodel(for the �§È[É estimator).

Such points are called leveragepoints. An example of a
leveragepoint is shown in Figure. A1.a. Line � is the real
model,points e � Î�Î e j arelocatedon line � . Point ÿ satisfies:v�w * ÿ G
�"4 Ú ÅÆ /�Ç � v�w *xe�/6G6�W4 (A.1)

where
v�w *:.�G�2�4 representsthe � � distancebetween. and 2 . This

causesthe model to flip into line � . FigureA1.b describesa
very similar setupwith points e � ÎóÎ e j spreadalongthe line � .
This time thereis no singlepoint in thebounded-rectanglethat
qualifiesasa leveragepoint. Thereis no “room” for a “lever”
longenoughto flip themodel.In this particularcasethebreak-
down point of the ��� metric is larger thanzero- we thenrefer
to line � as the “dominant line”. FigureA1c shows an “im-
age” displacementmapof five points. Points e �)Î�Î e Q belongto
themotion model- in this casepuretranslation,while point ÿ
is a leveragepoint. FigureA1d show a h =�y “solution” for the
modelrecovery (shown in light-gray). Again, the error (mea-
suredfrom thebaseof thearrow to theheadof thecorrespond-
ing (gray)arrow) for the leveragepoint ÿ becomeszero,while
thesumof residualerrorsfor themodelpoints e �)Î�Î e j is smaller
thantheoriginal errorof ÿ . As in thepreviousexample,if the
points e � ÎóÎ e ; werespreadacrossthe“image” asin FigureA1e,
thenwithin theboundsof theimagethereis nosingledisplace-
mentthat canact asa lever (up to similarity model). andthe
breakdownpoint in this particularcaseis greaterthanzero.

The notionof dominantregion or dominantmotion formsa
generalization.For example,line � in FigureA1.f is thedom-
inant line sinceit hasa lower minimumvaluethanline B and
any superposition of the two model - for exampleline � . It
is easyto seethat theexamplesatisfiestheseconditions(mov-
ing line � by z in any directionandany orientationmayreduce
theerrorat most <�z for ÿ]�HÎ§Î�Î7ÿ ° but will costmorethan <�z for

e � Î�Î§Î e j ). As seenthetheexamples- for complex modelssuch
asa Affine or Homographyit is not easyto seeif a dominant
motionexist. A known strategy is to spreadpointsasmuchas
possibleandnot to over-parameterizethemodel.

In practice,thebackgroundof a sceneusuallyformsa large
modelthatis spreadacrosstheimage,andthusis notsubjectto
leveragepointswithin theimageboundaries.

a) { |

}
~ � � �

b) � �

�� �

� �

c) �
� � � �

d) �
� � � �

�
� �� �

e) �� �

� �

� �

�  

f) ¡ ¢
£ ¤ ¥ ¥ ¦ §¨ ©

ª « ¬

FIG. A1. LeveragePointsfor line andmotionmodels.a)Point ­ is a leverage
point thatcausethemodelto switchto anincorrectmodel ® . b) Thepointson
line ¯ arespreadacrosstheimage.Point ­ cannotbefar enoughto switchthe
modelandstill bein theimageboundaries.c,d)Point ­ is a leveragepoint that
causesthemodelto switchto anincorrectrotationmotion.
e)Pointsn # r^rUr$n^° arespreadacrosstheimage.Point ­ cannotmovefarenough
to switchthemodelandstill bein theimageboundaries.
f) Dominantline - line ¯ is dominantsinceit haslower error thenline ® and
any line ± in between.
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