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A methodto computemotion modelsin realtime fr om point-to-
line correspondencesising linear programming is presented.The
reasonfor using point-to-line correspondencess that they are the
most reliable measurementsfor image motion given the aperture
effect, and it is shovn how they can approximate other motion
measurementsaswell.

An error measutefor imagealignment using the L; metric, and
basedon point-to-line correspondencesachievesresultswhich are
morerobustthan the commonlyusedL» metric. TheL; error mea-
sure is minimized using linear programming. While estimators
basedon L; are not robust in the breakdownn point senseexper
iments shaw that the proposedmethod is robust enoughto allow
accuratemotion recovery over hundredsof consecutve frames.

The L; solution is compared to standard M — estimators and
Least Median of Squares (LMedS ) and it is shavn that the L;
metric providesareasonablend efficientcompromisefor differ ent
scenarios. The entire computation is performed in real-time on a
PC without specialhardware.
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1. INTRODUCTION

Rolust, real-timerecovery of visual motion is essentiafor
mary vision basedapplications Numerousmethodshave been
developedfor motion recovery from imagesequencesamong
themarealgorithmsthatcomputethe motiondirectly from the
grey level valuesor local measuresf them[14, 20, 16, 3, 17].
A secondclassof algorithmsusefeaturepointsor optical flow
to recovermotion[1, 9, 15]. A probabilisticerrorminimization
algorithm[26] canbe usedto recorer motionin the presence
of outliers. Anotherclassof algorithmsuseexplicit probability
distributionsof the motion vectorsto calculatemotion models
[23]. BlackandAnandanpresented7] aframework for robust
calculationof optical flow basedon the Lorentzianestimator
anda GraduatedNon-Corvexity algorithmseekinganoptimal
solution. Bab-Hadiashaand Suter[4] presented robustopti-
calflow calculatiorbasednLMedS (LeastMedianof Squares).
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Most of the methodscited above have problemswhencom-
puting high-ordermotion models(e.g. an affine motion mod-
el or a homography):eitherthey are sensitve to outliers, or
the executionspeeds slow. Algorithms basedon iterative re-
weighting M — estimators have tuning and initial guessprob-
lems, especiallyin multiple model cases. The LMedS faces
compleity andaccurag problemswhenit is difficult to obtain
agoodhypothesidy randomselection.

In this paperan algorithm is presentedto recover high-
ordermotionmodelsfrom point-to-linecorrespondencassing
linearprogramming.Point-to-linecorrespondenceare robust
in the sensethatthey arelargely insensitve to apertureeffect-
s andto T-junctions,unlike the commonpoint-to-pointcorre-
spondences.Point-to-line correspondencesan also approxi-
mateothermeasurementaswell, suchaspoint-to-pointcorre-
spondences;orrespondencesith uncertainty andthe spatio-
temporalconstraint.

TheL; metric(}_ |a; —b;|) canbeusedwith thepoint-to-line
correspondencesndis muchmore robust thenthe L, metric
(v (a; — b;)?). For example,the medianminimizesthe L,
metric, while the centroid (average)minimizesthe L, metric.
L, basedestimatorsare not robustin the senseof breakdavn
point[11, 24, 25] asthey aresensitve to leveragepoints. How-
ever, our experimentsshav thatin motion analysisthe L, er
ror measuras robustenoughto computeaccuratemotion over
hundredsof frames,evenwith large moving outlier objectsin
the scene.Moreover, this is donein real-timeon a regularPC
(300M H.,).

Thelinearprogrammingsolver doesnotneedaninitial guess
nor a noise scale estimate,which are requiredfor iterative
re-weightedeast-squaralgorithms(suchasM — estimators ).
Comparisondetweerestimatordbasednthel; metricandthe
robustLMedS estimatorsshow that global motion analysisus-
ing the L, estimatoris only slightly lessrobustthanthe LMedS
estimatoybut theL; computatioris muchfaster

The motion analysisconsistsof computinga model based
alignmentbetweensuccessie frames. The alignmentprocess
consistof two steps:(i) Computingcorrespondenceandrep-
resentinghemaspointto line correspondencas describedn
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programusingthe point to line correspondencesnd solving

it, is describedn Section3. Section4 describesxperimental
resultsand comparisonswith other methods. Section5 gives

concludingremarks.The appendixdescribesa possibleexpla-

nationfor theexperimentainsensitvity of L; motionestimators
to leveragepoints.
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2. POINT TO LINE CORRESPONDENCES

Pointto line correspondenceare useddueto their insensi-
tivity to the apertureeffect. This sectiondescribeshe aperture
effect, point selectionfor the point to line correspondencend
the useof point to line correspondence® represeninormal
flow andfuzzy correspondences.

2.1. ApertureEffect

A moving line viewedthrougha small aperturewill have an
apparenmotionwhichis normalto theline. Thisphenomenés
calledthe “apertureeffect”. An exampleof the apertureeffect
is shav in Figure 1. Given the apertureeffect we expressa
constrainobnthedisplacementu, v) suchthatpointp = (x,y)
in thefirstimagehasmovedto thestraightline s(z + u, y + v)
in the secondmagedefinedby theline equation:

s(z+u,y+v)=alz+u)+bly+v)+c=0 (1)

Withoutlossof generalitywe assumdor therestof thepaper
thata? + b2 = 1 by normalization.

2.2. Point selection
For computationstability, selectedpoints shouldbe spread
evenly overtheimage. Pointsshouldbe locatedon strongfea-
turessuchasedgesandthey shouldhave balancedX-direction
andY-directioninformation. The following stepswerecarried
outto selectpointsin real-time:

1. N pointswere evenly spreadover the imagein a chess-
boardgrid.

2. “Black” pointswereallowedto moveslightly horizontally
to find strongvertical edges. “White” pointswere allowed to
move slightly vertically to find stronghorizontaledges.

3. ThebestK “black” pointsandthebestK “white” points
(2K < N) wereusedastheselectedpoints.

2.3. Normal Flow
An optical flow constraintcanbe derived directly from im-
ageintensitiesusingthe graylevel constang assumptionThis
optical-flow constraintis givenby [14, 20:

ul, +vly +1I; =0 (2)

where (u,v) is the displacementvector for the pixel, and
I, I, I, arethe partial derivativesof the imageat eachpixel
with respecto X-axis, Y-axisandtime.

Eq. (2) describesa line, which is the apertureeffect line.
WhenI; + I? is normalizedto 1 the left handsideof Eq. (2)
becomesheEuclideardistanceof thepoint (z, y) fromtheline

FIG. 1. Exampleof an apertureeffect. a) The white arrov representshe
actualmotion, while the black arrav representshe apparenmotion. b) Point
to line correspondence.

passinghrough(z + u, y + v), whichis alsocalledthe normal
flow [2].

2.4. FuzzyCorrespondence

An optical flow vector betweensuccessie imagesin a se-
guencerepresentshe displacemenbetweera pointin oneim-
ageto thecorrespondingpointin the secondmage.While it is
difficult to determinethis point to point correspondencaccu-
rately from theimagesautomaticallya correspondencis usu-
ally assignedo the mostlikely point. For example,given a
pointin oneimage thecorrespondingointin thesecondmage
will betheonemaximizingsomecorrelationmeasureHowev-
er, suchcorrespondencemeerrorprone especiallywhenother
pointsin the secondimagehave a local neighborhoodsimilar
to therealcorrespondingpoint.

A possiblesolution to this problemis to postponethe de-
terminationof a uniquecorrespondencm a later stage andto
representheuncertaintyasit is givenby thecorrelation.In this
casethe correspondencwill notbea uniquepoint, but afuzzy
measurever a setof possiblecorrespondingoints.

Thefuzzy correspondencef a pointp canberepresenteds
a matrix M(p) (the fuzzy correspondenceatrix)[23. M is
computedusingthe sumof squaredlifferencegSSD) values:
M(u,v) = a3, ey (T2(i+u, j+v)—11(3, §))? for awindow
W aroundpoint p in imagel;. The parameter is a normal-
izationfactors.t. 3, M(u,v) = 1. Eachcell (¢, j) of M(p)
correspondso the probability that point p hasa displacement
of (i,7). In mary caseshe fuzzy correspondenceatrix has
a dominantcompactshape: points on cornersusually create
a strongpeakwhile edgesform lines. A commoncaseis an
ellipselik e shape While the fuzzy correspondenceatrix con-
tainsall correspondencencertainty utilizing this information
to its full extentis difficult.

To enablecomputatiorof globalmotionwith linearprogram-
ming, we proposean approximationof the fuzzy correspon-
dencematrix. An L, distancemap obtainedfrom a point to
two linescorrespondencedhis approximatioris givenby two
lines:
si(z,y) = (4;z + By + C;) = 0 with two associateaveights,
w;, (i = 1,2). Theweightedsumof both distanceformsan
L: “cone”. Eachequidistantine onthe coneis anL; “ellipse”
with eccentricityproportionalto the weightsof the two lines.
Figure2 shavs the approximationof a correspondenceatrix
by distancemap. For the discretecaseof the correspondence
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tance. The distancemapis computedusing lines andweights
obtainedby a weightedHoughtransformover the original cor-
respondencematrix[19]. Themaximumbin correspondso the
mainaxisline. A secondocal maximumbin correspondso the
secondine. The bin valuesaretaken asthe weightsw;. This
approximationcan also be usedto expressthe point-to-point
correspondencefz,y) — (z',y") which canbe approximat-
edby pointto two linescorrespondencesetweerpoint (z, y)
andtheline (xz = z'), andbetweerthe samepointandtheline
(y = y"), with weightsw, = ws. TheHoughtransformis used
to find boththelinesandthe weightsresultingin thefollowing
constrainfor thedisplacemenof point (z, y):
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Thegeometricameaningf this constrainis thatpoint(z, y)
hasmovedby adisplacemendf (u, v) andis now locatedonthe
intersectiorof thetwo linessy ,ss.

wis1(2 +u,y +v) + wes2(z +u,y +v) =0

3. L1 ALIGNMENT USING LINEAR PROGRAMMING

Imagealignmentor registration,is the procesf recorering
the coeficientsof a globalmotion modelusingtwo images.A
hierarchy(every modelis an extensionof the previous model)
of commonglobalmotionmodelsis [6]:

Translation - atwo parametemodel(u,v): (z,y) = (z +
u,y + v). 2D horizontalandverticalmotion.

Similarity - a four parametemodel (a, b, u,v): (z,y) —
(ax + by + u, —bx + ay + v). Translationscaleandrotation.

Affine - a six parametemodel (a,b,¢,d,u,v): (z,y) —
(az + by + u, cx + dy + v). Similarity andshear

Homayraphy - aneightparametemodel(a, b, ¢, d, e, f, u, v):
(z,y) — (&tbytu ceddytvy Tp,e projective transformation

ex+fy+17 ex+fy+1
of aplane.

Imageregistrationis usefulfor mary applicationsincluding
(i) camerastabilization,(ii) ego-motioncomputation(iii) de-
tectionof moving objects,(iv) mosaicing.The alignmentpro-
cesshastwo steps:(i) Computingcorrespondenceandrepre-
sentingthemaspoint-to-linecorrespondencegii) Corverting
thealignmentprobleminto alinearprogramusingthe point-to-
line correspondenceandsolvingit. Thefirst stepwasdetailed
in Section. 2, andin this sectionthe secondstepis described.
In particular we shav how to computethe eight paramete2D
homographywhich correspondso thetransformatiorbetween
differentviews of aplanarsurface.

A homographyH is representedby a 3 x 3 matrix, whose
i"th row is designatedd;. H is normalizedby settingH3 3 =
1 leaving eight independenparameters. A 2D pointp =
(z,y,1) (in homogeneousoordinates)ocatedatimagel; is
mappedy thehomographyH into the 2D pointp’ in imagel,
asfollows:

plz(EHl'P) (Hz'P)J)t @

H; -p)’ (Hs-p)

591

e)

FIG. 2. Approximationsfor fuzzy correspondences) Thefuzzy correspon-
dencematrix betweensuccessie imagesfor the point thatis marked with a
whitearrow in (a). In thisexamplethecameravasnotmoving andthe“ellipse”
is locatedat the centerof the correspondenceatrix. c) WeightedHoughspace
of the correspondencmatrix. Arrows point to the peaklocations.Peakvalues
(591, 1342) areusedasweights. d) The lines usedto approximatethe fuzzy
correspondencmatrix. Intensity correspondso weight. e) Weightedsumof
city-block distancerom thetwo linesin (c) is usedasthe approximatiorof the
fuzzy correspondencmatrixin (b).

The Euclideandistanceof point p’ from constraintline s =
(Az+By+C), usingEq. (4), is givenby thefollowing equation
whichis zerowhenthealignmentis perfect.

AH,-p) B(H:-p)
(Hsz - p) (Hsz - p)
Multiplying Eq. (5) by (Hg - p) (whichis non-zerdfor afinite

sizeimage)givesthefollowing linearequationfor theresidual
error of pointp:

dnw'.5) = ( +c)  ©®

du(p',s)(Hs - p)
A(H; -p) + B(Hz-p) + C(Hs - p)

TH (pla S) = (6)

In orderto geta linear equation we multiplied the geometri-
caldistancely (p’, s) by the (unknown) value(Hj - p) result-
ing with analgebraicdistance.The coordinateof p shouldbe
normalizedto reducebias[13, 12]. Settingthe residualerror
rg(p’,s) to zerogivesa linear constrainton the elementsof
the homographyH thatstatesthat point p is mappedto point
p’ whichis ontheline s.
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raphyH, at leasteight suchpoint-to-linecorrespondencesre

required. Eachpoint to two-lines correspondencéhe linear
approximationto fuzzy correspondencejives one equation.
When more than eight point-to-line correspondenceare giv-

enH canbe recoreredby solving the following minimization
problem:

n
H= argITin Z wi|r (p';,si)] ()

i=1
This error minimization problem,a minimization problemsin
thesenseof L, (alsocalledcalledLAD for leastof absolutedif-
ferenceds corvertedinto the following linear program,where
oneconstraintequationis written for eachpoint-to-line corre-
spondence:

min : Yo wi(z + z])

s.t.
Ai(Hy-pi) + Bi(Ha -p;) + Ci(Hz - pi) + (2 —27) =0
2tz >0

(zf + z;) is the absolutevalue of the residual error,
ra(p’;,si). Thisis donesinceonly positive valuesareusedin
linear programming18, 8]. Eachresidualerroris represented
by the differenceof two non-neyative variables:rg (p';,s;) =
z = (2f — z;"), oneof whichis alwayszeroat the abose min-

imum.

Notes:

1. Whenthe constraintareof theform:

Ax — b + z = 0, a basicfeasiblesolution that satisfiesthe
constraintgs givenby x = 0,z = b. This enableghe useof
anefficientone-phassimplex algorithmto solve the problem.

2. This linear programcan be usedto minimize ary linear
equation:Min(]Ax — b|). Parametenormalizationor anad-
ditional constraintmaybe neededo avoid azerorootif b = 0.

3. If Aisan(m x n) matrix, m is the numberof constraint
equationsandn is the numberof parametergm > n), then
thelinear programwill have atotal of 2(m + n) variables:2n
variablesfor the variablevectorx, and2m variablesfor the s-
lack variablevectorz. Thefactorof two is neededsinceeach
variableis representetly adifferenceof two non-neyativevari-
ables.

4. Theslackvariablevectorz containgheerrormeasurefor
eachpoint (theresiduals).

5. Additional linear constraintscan be addedto the recov-
eredmodel. For examplewe candefinea motion modelthatis
more generalthansimilarity but hasboundedaffine/projectve
distortions.

4. EVALUATION

Threetypesof evaluationproceduresvereperformed(i) test-
ing thealgorithmusingreal-imagesequencegii) acomparison
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(iii) efficiengy considerations.The testswere appliedto dif-
ferenttypesof outliersandwe show that L, providesa good
compromisenhich is stableenoughto copewith differentcat-
egoriesof outliersandefficient enoughto be usedin real-time
even for modelswith a large numberof parameters.To bal-
ancethe evaluationwe alsodescribea scenariovhereL, fails
completely Section5 discussegheresults.

4.1.

Imageregistrationwas introducedin Section3, mosaicing
usesimageregistrationto createlarge imagesby seamlessly
stitchingsmallimagesinto alargeimage.

A major problemin image registration and mosaicingare
outliersdueto multiple models(eithera complex staticscene,
or moving objectsin the scene).Oneway of copingwith this
problemis motion sggmentationwhich is the processof seg-
mentingthe imageinto different regions according the their
motion However motion sggmentationis at leastas difficult
asmotionrecovery.

This sectiondescribegealimageregistrationandmosaicing
in the presencef outlierswithout motion sggmentation. The
motionanalysiss doneusingpointto line correspondencesnd
linearprogramming.AD .

To compareour model to existing point-to-point methods,
we corvertedeachpoint-to-pointcorrespondence two point-
to-line correspondenceaccordingto Section2.4. The panora-
maexampleusedpoint-to-linecorrespondencemmputedrom
fuzzy correspondencenatrices.

Image Registration and Mosaicing Experiments

4.1.1. Mosaicingwith Similarity Model

A panoramic image was created in real-time (10 —
12 frames/seconds, imagesizeof 320 x 240 pixels, motion
limits by the correspondencmatrix of +8 pixels)usinga PC,
asshown in Figure. 3.b. While the camerawas scanningthe
scenea large pendulumwas swinging. The size of the pen-
dulum was large enoughto createabout15% outliersamong
the featurepoints. Sincethe stabilizationalgorithm usedon-
ly frameto frame motion recovery, any error will causethe
panoramdo fail. Figure. 3 shavsthe pendulum(andits shad-
ow) appearing/disappearirggveral timesdueto the swinging
motion. However all frameswerecorrectlyalignedwith asim-
ilarity modelascanbeseerby theobjectsthatwerenotocclud-
edby the pendulum.

4.1.2. Homayraphies: Comparisorwith L,

This off-line experimentcompareghe computationof a 2D
homographyusing L; registrationto the least-squaremethod
for point-to-point registration. Given two images, the fea-
ture points were selectedautomaticallyfrom a bi-directional
optical-flow field. Eachselectedpoint had a strongintensity
gradientandtheopticalflow from thefirst to thesecondmage
agreedwith the opticalflow from the secondo thefirstimage.
Selectedpointsareshovn in Figure.4.a.



FIG. 3. Mosaicingexamples.a) Pointselectedor motioncomputation.Four of thethirty pointsarelocatedon the moving pendulum.b) Panoramidmagethat
wascreatedvhile a pendulumwasswinging. Thealignmentwasnot affectedby the outliers.

The alignmentof the secondimageto the first image us-
ing thehomographythatminimizestheL, distancebetweerthe
computedcorrespondenceas shown in Figure. 4.d. It is com-
pletelyuselesslueto outliers.

The L; alignmentusedthe samedata, but corvertedeach
point-to-pointcorrespondendato two point-to-linecorrespon-
dencegpoint (u, v) is corvertedto thetwo lines (z = ) and
(y = v)). Figure.4.cshonstheaverageof thetwo imagesafter
alignment. The alignmentis now very good,andcanbe com-
paredto Figure. 4.b wherethe two imageswere addedbefore
alignment.

4.1.3. ComputingAffine Motion from Normal Flow

An affine alignmentbetweentwo imagescan be computed
from normalflow by aniterative method. In this example112
pointsresidingonstrongedgesandspreadvenlyacrosgheim-
agewereselectecautomatically(off-line). Theiterationswere
asfollows:

1. The normal flow is computed from spatio-temporal
derivativesandrepresentetby a line constraintasdescribedn
Section.2.3.

2. An affine motion modelwas computedusinglinear pro-
grammingfrom thelinearconstraints.

3. The secondmagewaswarpedtoward the firstimageus-
ing the affine model.

4. Repeastepsl-3 until corvergence.

The iterationsare necessaryn this casesincethe accurag of
thenormalflow depend®ntheaccuray of thespatio-temporal
derivatives, which increasesas the motion estimatebecomes
better Figure. 5 shaws theregistrationresultsfor the L; regis-
trationby normalflow lines.

4.2. L comparisonto LMedS and the Tukey
M — estimator

M — estimators are not consideredrobust in the senseof
breakdevn point which is zero. [25, 11, 4]). L, is a particular
M — estimator andthereforehasazerobreakdavn pointaswell.
Moreover, evenamongM — estimators, L; is not consideredhe
bestone,otherM — estimators suchasthe Tukey M — estimator
have betterresistanceo outliers. The LeastMedianof Squares
(LMedS , alsocalled L M S) estimatoiis awell known robustes-
timator[21, 24] which hasabreakdevn pointof 0.5, thehighest

FIG. 4. ComputinghomographyusingL. registrationcomparedo L regis-
tration. The samefeaturepointswereusedin the L1 minimizationandthe L
minimization. Both examplesaresingleiterationoutput,no sggmentatiorand
no re-weightingwereused. a) Selectedeaturepointsare marked on oneim-
age.b) Theaverageof the two original imagesto shav their misalignment.c)
The averageof theimagesalignedwith the homographyobtainedusinglinear
programming.d) Warpingthe secondmagetowardsthe first imagewith the
homographyobtainedusinga least-squarenethod.

valuepossible. However, L, asa corvex linear problem[8] has
anadwantagehatthe optimal solutioncanbefound by a deter

ministic and efficient algorithm. The comparisonis therefore
betweerthefollowing (estimatoyalgorithm)pairs:

(L1, Simplex) - Thel; basedestimatoi(LAD ) is definedby:

a = argmin Z |7i,a] ®)

z;€X

Wherea is theestimatednodel, X is the measurememnnatrix,
ri,a IS theresidualerrorof measurements; with respecto the
modela. The algorithmusedfor minimizationis the simplex
algorithm. Note that this equationhasno scale(variance)as-
sociatedwith it sincethe scaleis not requiredby the simplex
algorithmandit doesnotchangehelocationof the globalmin-
mum.

(TukeyM — estimator, IRLS) - The Tukey M — estimator iS
definedby:



FIG. 5. Normal-flov point-to-lineL1 registration.a) Firstimage.b) Second
image. c) Averagingof (a) and (b) shavs the displacemenbetweenthe two

images. d) Magnifiednormalflow of the selectedboints at the last iteration,
displayedover a gradientmap. The outliersare easyto spot. e) (b) warped
towards(a) usingthe affine modelcomputedoy L1 alignment.f) Averagingof

(a) and(e) shavs goodalignmentin mostof thescene.

a = argmin Z p(Tialoi) 9)
a z;€X
Euoa-@))  l<B
pu) =y .
B |u| > B

Wherep(u) is thelossfunction, B is atuningparameteando;
the scaleassociatavith thevalueof r; ,.
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squaresTIRLS ) [22] with thefollowing weightfunction:
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wlu = r:0/8) = (u)/u (10)
L a7 ul<B
(u) = plu) = {0 e B

Whereg is ascaleestimate Thefollowing scaleestimatiorwas
usedin thetest

W;Ti,a
N

o>

i=1

(11)

Initially we setw; = 1, B = 4.8 andwe fine tunedo to be
26 ...46. This fine tuning proved to be useful probablydue
to the aggresasie outlier rejectionof the Tukey M — estimator
whichrejectsthe“tail” of theinliersaswell.

(LMedS, ProbabilisticAlgorithm) - The LMedS estimatoiis de-
finedby:

a = argmin median ria (12)

a zi€

a is computedusingrandomsampling[10, 24, 26]. Thealgo-
rithm, giventhatk datapointsarerequiredto computeanmodel
hypothesig&®, thenS k-pointshypothesearerandomlyselect-
edfrom dataset. The hypothesisa* with the smallestmedian
is choserasthe estimatéa.

4.2.1. SynthetidataTestconfiguiation

The following three tests: “noise scenariotest”, “spread-
pointshi-modelscenaridest”andthe“bi-model shift errorsce-
nariotest” wereperformedusingsyntheticdata. Thetestswere
generalandwere not specificallyrelatedto images. All three
sharedhe samebasicconfiguration:
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FIG. 6. Tukey M — estimator cornverges.a) Residualof theinitial gues(LSQ). b) Residualsfterthefirstiteration.c) Residualsafterthesixth iterationover

the groundtruth transformatiorresiduals Thetwo graphsarealmostidentical.
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FIG. 7. Monte-Carlotest histogramfor the noise scenario. The Tukey
M — estimator producedthe bestresultsfollowed by LMedS which was
closelyfollowedby LAD.

A : R* - R* - the modelto be estimatedvas a randomly
selectedineartransformatiorof sixteenparameters.

X - themeasurementwerea setof 100 source-tagetpairs
of pointsin R*. The sourcepointswererandomlyselectedn
the range[—100...100]. The inliers werethe first 60 points
which weretransformediy A, therest40 pointswereoutliers
andweresetaccordingto the specifictest. Normal noisewas
addedo thetargetpoints.

We evaluatedthe resultsusinga sepaation criterion of sim-
ply countingthe numberof inliers that were includedwithin
the smallest'n’ residualswheren is the total numberof in-
liers. Thetestsconsistof 200iterations eachtime the number
of inliersthatwerewithin thesmallesi60inliers wascomputed
usinganew setof A andX andtheresultswerecollectedin a
histogramof 60 bins.

4.2.2. Noisescenario

In this testthe outliersconsistof normalnoise(z = 0,0 =
102), inliers hadanadditive normalnoise(z = 0,0 = 20).

Theresultinghistogranis shavnin Figure7. We canseethat
for this scenariathe Tukey M — estimator providedthe bestre-
sults,followed by LMedS which wascloselyfollowed by LAD.
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FIG. 8. Monte-Carlotesthistogramfor the bi-modelscenario. Left: L; ,
LMedS and Tukey M — estimator histogramfor model-1. Right: Tukey
M — estimator histogramfor model-2. A good separationwould resultin
peaksaround60 at the first modelandaround40 at the secondnodel.

In mary similar tests(with slightly different parametersjve
found the samepattern- the Tukey M — estimator corverges
very fast(4-6 iterations)and givesthe bestestimate- provid-
edthatthescaleis tunedandtheinitial guesds “good enough”.
Figure 6 shows the initial guess(LSQ), the first andthe sixth
iterationof the TukeyM — estimator.

Experimentalnotes: (i) It is essentiako have a good scale
estimatejf the scaleestimateis wrongthe algorithmdoesnot
corvergeto the model. (i) Wrong estimation,especiallyun-
derestimationcanoccurduringiterationsandspoil a previous
goodresult.

4.2.3. Spread-RPintsBi-Modelscenario

In this testthe outliersweretransformedby a secondinear
lineartransformation.

Both inliers andoutliershad an additive normalnoise(z =
0,0 = 20).

The resulting histogramis showvn in Figure 8. we cansee
thatfor this scenariathe LMedS producedthe bestresult,LAD
closelyfollowedit, andthe Tukey M — estimator failed. The
residualf theLMedS , LAD andthe Tukey M — estimator after

ground truth
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FIG. 9. Residualdor the bi-modelscenarica) LAD residualsover the groundtruth residuals.a) LMedS residualsover the groundtruth residuals.c) Tukey

M — estimator residualsaftersix iterations- failedto converge to ary model.
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FIG. 10. Comparisorbetweenl, , optimall; , andprobabilisticLMedS affine imageregistrationof the two block motiontestcase.a) Firstimage(I1). b)

Secondmage(Iz). c) Differencebeforeregistration. d) Optical flow image. ) Reliability map. f) Point Selection.g) Iz warpedusingla recoreredmodel. h)
I, warpedusingl; recoveredmodel.k) Iz warpedusingLMedS recoreredmodel.m) Error of the L registration- failedto lock on oneobject.n) Error of the

L registration- failedto lock on oneobject.o) Error of the LMedS registration- succeeded.
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residualsover thegroundtruth residuals.

six iterationsareshown in Figure9. The Tukey M — estimator
wasinitialized usingLSQ andit couldn't recoverfrom the LSQ
error. Having atwo phasealgorithmby usingLMedS or LAD as
aninitializer may solve this problem.

4.2.4. Bi-Model,shifterror scenario

The probabilisticLMedS solutionis basedon a K-point hy-
potheseswhereK is usuallythe minimal numberof pointsre-
quiredto solve for . What happensf noneof the K-points
hypothesess closeto 4 ? For example,let a be the location
of a single pointin R™, X pointswith addednoisevectore
with a symmetricdistribution of orientationsbut with magni-
tude greaterthan somepositive radius R. a will be still the
centroidof the measurementgointsthereforecanbe easilyes-
timatedby least-squareshowever the bestestimatethe prob-
abilistic LMedS canprovide will be atleast’ R’ away from a.
This problemcanbe solved by increasing K’ - however this
will exponentiallyincreasethe computationtime. In this test
shift errorswere addedto the bi-modelscenarioto causebad
hypothesisTheresidualof thegroundtruth, LMedS , LAD are
shawvn in Figure11. We canseethatthe LAD produceda bet-
ter estimatethenthe probabilisticLMedS however the LMedS
still produceda goodseparationAttemptsto completelybreak
down the LMedS resultedwith a completebreakdown of LAD
aswell.

4.2.5. Close-pointBi-Modelscenario

Thisscenariaisedaverysimple,yetdifficult syntheticscene
that was speciallydesignedo breakdown the LAD estimator
(no dominantmotion - seeappendix). This scenariohad two
identical patcheqfrom real images)sliding in oppositedirec-
tions. This scenarids difficult in thesensehat(i) bothpatches
have identicaltexture andidenticalmagnitudedisplacemen(i-
i) pointsare not spreadacrossthe image. About 100 “good”
points were automaticallyselected,at about42 : 58 ratio.
“Good” pointswere pointsthat were locatedon a strongtex-
ture usinga gradientmap (calledreliability mapin Figure10)
andtheforwardandbackward opticalflow agree.Thesepoints
werefedinto L, , L, andprobabilisticLMedS solvers. There-

1nmaoansnaornansnmoc)°‘°
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Residualdor the shift+bi-modelscenarioa) Groundtruth residuals.b) Ly residualsover the groundtruth residuals.c) LMedS (10,000iterations)

sultsareshavn atFigure10. We canseethatthe LMedS wasthe
only estimatorin thetestthatcould sepaatethe two motions.

4.3. Efficiency Considerations

Thissectiondiscussethetime efficiency of IRLS, probabilis-
tic LMedS andlinearprogramming. The IRLS algorithmused
for M — estimators computatioris very efficientandconsistsof
few (3-10)leastsquarere-weightiterations.

4.3.1. ProbabilisticLMedS time compleity

Giventhattheprobabilityof choosinganoutlieris ¢, thenthe
probabilityp of having atleastoneperfectguesgno outliersin
all k£ selectedcpoints)aftert iterationis givenby [10]:

p=1-11-(1-0"

Giventhe desiredprobability of succes®, the numberof nec-
essanyiterationst is givenby

t=In(1l—p)/in(l — (1 — q)*)

The numberof iterationsrequiredto reacha certainlevel of
confidencds exponentialin & andin ¢. Still the probabilistic
LMedS is widely usedin computervision sincethe numberof
datapointsneededor obtainingahypothesiss rathersmall,for
exampleonly 7 datapoints(triplets)arerequiredfor computing
the 26 parametergup to a scalefactor)of thetri-linear tensor
Thereis, however, a hiddenassumptiorhere. The hiddenas-
sumptionis thatthe datais dichotomic- if apointis notanout-
lier thanall its coordinatesare good. Clearly this assumption
is not true dueto several reasonsncluding the apertureeffect
andcameraandscenegeometry Breakingthis dichotomywill
be very expensve ask will becomethe numberof parameters
in the model. Anotheraspecibf the probabilisticLMedS com-
plexity is the requiredprobability of succesgp. For example
p = 0.95 is not consideredyood enoughfor video processing
asit implies 1-2 bad framesevery second(and more than 20
badframesfor evena simplemosaicwhich consistof several
hundreddrames).

(13)

(14)

4.3.2. Linearprogrammingcompleity

The compleity of the linear programis polynomialin the
numberof constraintswhich equalsthe numberof correspon-
dences. In most practical cases,however, the compleity is
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ot operationwasapproximatelyn!-” wheren wasthe number
of points.
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4.3.3. Synthetidestperformancecomparison

In this test we tried to comparethe actual performance
of computing LAD using probabilistic algorithm and linear
programming Thetestconsistedf thefollowing syntheticda-
ta:

Number of matched pairs:

dences.

Rank of linear model: k£ = 4.
Oultliers probability: ¢ = 0.4 (threemotionmodels,matched
pairsaredistributedasfollows: 20, 60,20).

Added Noise: Normal distribution with zero meanand vari-

anceis 5% of therange.

Even thoughthe probabilistic algorithm was able to execute
7000iterationsduring the time the single-iterationlinear pro-

grammingexecutedtheresultsobtainedwereinferior to linear
programmingasseenin Figure.Al.

100 point to point correspon-

4.3.4. Real-TmePerformance

Programsfor video mosaicingand for image stabilization
werewritten basednfuzzycorrespondencéSection2.4). Ex-
ecutionwason a PC usingwindows NT with no specialhard-
ware. Imagesequenceweredirectly processedrom the cam-
eraat 10-12framespersecond.The panoraman Figure3 was
createdn real-timeusingthis program.In orderto find thetime
allocationwithin the programa profiler was usedto measure
the time of major programcomponents.The profiling report
is shawvn in TableAl, we canseethatthe linear programming
solver usedonly 20% of the total time - lessthat the time re-
quiredto warptheimageusingMMX technology

5. SUMMARY

This paperpresentedch new approachto motion analysishy
corverting image measurementsto point-to-line correspon-
dencesandcomputingthe motion modelusingLAD estimator
computedoy linear programming.The approactwasrobuste-
noughandefficientenoughto allow real-timemosaicingn the
presencef outliers- ataskthatrequiredcorrectalignmentof
all framesusedto constructhemosaic.Thepapercompareshe
LAD estimatorcomputedby linearprogrammingto the Tukey
M — estimator computedby IRLS andto LMedS computedby
the probabilisticalgorithm. The LAD, linear programmingap-
proachwasshowvn to beagoodandstablecompromisébetween
efficiency and robustness. It performedvery well in various
scenarioswhile having a nearly linear time compleity. The
comparisorshavedthat;

IRLS , Tukey M — estimator - Provided superiorresultsfor
noiseonly scenariohowever it completelyfailedfor bi-model
scenarioor when the noise scale estimatorwas not good e-
nough.

LMedS, probabilisticLMedS - Never completely failed in
tests,but behared poorerthen (LAD, LP ) in a shift error sce-
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FIG. Al. Comparingperformancef linearprogramminganda probabilistic
algorithmrunningfor the sametime. 60 of the 100 pointsarein the desired
model (g = 0.4). a) Error plot for the linear programmingsolution. Clean
separatioris obtained. b) Error plot for the probabilistic LMedS solution.
Separatiobetweerinliers andoutliersis possible put not for all points.

TABLE Al

Profiling results.4156frameswerestabilizedin 345.107second= 12
Fps. The componentsvere: Next-Frame: capturingthe next frame
time (using double buffer technique). Locate points: “Good” point
selectionfor the pointto line correspondencd-loughlines: Comput-
ing the correspondencmatrix andfind lines usingHoughtransform.
Solve LP: Linear Programmingsolver. Warp: Imagewarping using
MMX technology Everything Else: Non profiled codeincluding Op-
eratingSystenoverhead.

Description Total Time(sec) Percentage Averagetime (msec)
Next Frame 64.72 18.75% 15.56
LocatePoints 3.12 0.90% 0.75
HoughLines 76.52 22.17% 18.41
Sohe LP 73.72 21.36% 17.74
Warp 78.85 22.85% 18.97
Display 14.32 4.15% 3.44
EverythingElse 33.86 9.81% 1.36

nario, andlessgoodthen Tukey M — estimator in a noiseonly
scenario. Is non deterministicand of exponentialtime com-
plexity - but still very usefulin vision dueto the usuallysmall
numberof guesseseededor hypothesigonstruction.

LAD ,LP - Performedvery closeto LMedS . Failedwhenno
dominantmotionwaspreseni{SeeAppendix). Performedbet-
ter than LMedS in the shift error scenario,and betterthanthe
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doesnot requireaninitial guessnor a noisescaleestimator it
is deterministic,hasa corvex objective function (and hencea
globalminimais guaranteed)andhasa nearlylinearcomple-
ity. A goodcompromisa@n mostpracticalscenarios.

et it A MMl Al iy T A R et

A practicalrecommendatiomill beto use(LAD ,LP ) or aro-
bust LMedS estimatorif the compleity allows it - asaninitial
guess.Theniterateeitherby IRLS or by (LAD ,LP ) [5] to im-
provetheaccurag of theresult.

APPENDIX A

Dominancein Motion Analysis domain

M-estimatorshave abreakdaevn pointof zero[4, 25]. Still as
seenin thetests,LAD wasableto resist40% outliersquite sim-
ilar to LMedS andthe Tukey M — estimator andit wasevenbet-
ter thenLMedS in the noiseoutliersscenariowe try to explain
this differenceby looking at the relationshipbetweeneverage
points dominantmotion,andthe factthatimageshave bound-
ed regionLeveragepointsareoutliersthatarefar enoughthat
evena singlepoint canflip therecoreredmodelvery far from
therealmodel(for the LAD estimator).

Such points are called leveragepoints. An example of a
leveragepoint is shavn in Figure. Al.a. Line A is thereal
model,pointsq; ..q; arelocatedonline A. Pointp satisfies:

n
Li(p, 4) > Y _ Li(g:, B)
i=1
wherel; (a, b) representtheL; distancebetweern andb. This
causeshe modelto flip into line B. Figure Al.b describesa
very similar setupwith pointsgq;..q; spreadalongthe line A.
Thistime thereis no singlepointin the bounded-rectangiat
gualifiesasa leveragepoint. Thereis no “room” for a “lever”
long enoughto flip themodel. In this particularcasethe break-
down point of the L; metricis largerthanzero- we thenrefer
to line A asthe “dominantline”. Figure Alc shavs an “im-
age” displacementnap of five points. Pointsgq; ..q4 belongto
the motion model- in this casepuretranslation,while point p
is a leveragepoint. FigureAld shav a 90° “solution” for the
modelrecovery (showvn in light-gray). Again, the error (mea-
suredfrom the baseof the arrow to the headof the correspond-
ing (gray) arrow) for the leveragepoint p becomesero,while
the sumof residualerrorsfor themodelpointsg; ..q7 is smaller
thanthe original errorof p. As in the previous example,if the
pointsq; ..qgs werespreadacrosghe“image” asin FigureAle,
thenwithin the boundsof theimagethereis no singledisplace-
mentthat canact asa lever (up to similarity model). andthe
breakdowrpointin this particularcaseis greaterthanzero.
The notion of dominantregion or dominantmotionforms a
generalizationFor example,line A in FigureAl.f is thedom-
inantline sinceit hasa lower minimumvaluethanline B and
any superposition of the two model - for exampleline C. It
is easyto seethatthe examplesatisfiegheseconditions(mov-
ing line A by e in ary directionandary orientationmayreduce
theerrorat most3e for p; ... p3 but will costmorethan3e for

(A1)
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asa Affine or Homographyit is not easyto seeif a dominant

motionexist. A known stratay is to spreadpoointsasmuchas
possibleandnotto over-parameterizéhe model.

In practice,the backgroundf a sceneusuallyformsalarge
modelthatis spreadacrosgheimage,andthusis notsubjectto
leveragepointswithin theimageboundaries.
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FIG. Al. LeveragePointsfor line andmotionmodels.a) Pointp is aleverage
pointthatcausethemodelto switchto anincorrectmodel B. b) The pointson
line A arespreadacrossheimage.Pointp cannotbefar enoughto switchthe
modelandstill bein theimageboundariesc,d) Pointp is aleveragepointthat
causeshemodelto switchto anincorrectrotationmotion.

e)Pointsq; . . . g4 arespreadacrosgheimage.Pointp cannotmove farenough
to switchthe modelandstill bein theimageboundaries.

f) Dominantline - line A is dominantsinceit haslower errorthenline B and
ary line C in between.
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