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Abstract

The exterior algebra over the centre of a Lie algebra acts on the cohomology of the
Lie algebra in a natural way. Focusing on nilpotent Lie algebras, we explore the
module structure afforded by this action. We show that for all two-step nilpotent Lie
algebras, this module structure is non-trivial, which partially answers a conjecture of
Cairns and Jessup [4]. The presence of free submodules indicates that the Lie algebra
satisfies Halperin’s Toral rank conjecture [11]. We prove that two specific classes of

two-step nilpotent Lie algebras enjoy cohomology spaces with free submodules.
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Chapter 1

Introduction

The set of all possible states of a physical system can be considered to be a manifold
M, sometimes equipped with additional structure, such as a metric or a symplectic
form. If a Lie group G acts on the manifold M as a group of symmetries of this
additional structure, then the data in the system “factors” into G and M /G, where
M /G is the orbit space of the action. Furthermore, in many interesting cases, M/G
is itself a manifold. This aids the understanding of the problem, since Lie groups
are comparatively well-understood, and dim M/G = dim M — dim G (page 135, [8]).
Therefore, the larger the group of symmetries, the smaller the dimension of M/G.
If a compact Lie group GG acts almost freely on M, then the maximal torus of
G also acts almost freely on M. This leads us to consider torus actions. Stephen
Halperin conjectured an inequality which relates almost free torus actions with the
dimension of the cohomology of M. Known as the toral rank conjecture (TRC), it
was originally formulated in [11] and remains one of the intriguing unsolved problems

of algebraic topology:

Conjecture 1.0.1. Suppose an r-torus acts continuously with finite isotropy groups

on a closed simply connected manifold M. Then, dim H*(M,R) > 2.

Informally, this conjecture states that an upper bound on the rank of a maximal

torus acting almost freely on M is determined by the number of “holes” in M.
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2 1. INTRODUCTION

It has been shown to hold for certain classes of manifolds, such as compact
connected Lie groups, homogeneous spaces G/H where G is a Lie group and H is a
closed connected subgroup ([1], corollary 4.3.8 page 272), as well as Kéhler manifolds
([1], remark 4.4.2 page 281).

One case that is still unsolved, and the one that interests us in particular is where
the manifold in question is a nilmanifold N/D with N a nilpotent Lie group and D
a co-compact discrete subgroup. The toral rank of N/D is related to the Lie algebra
of N via the following key result.

Theorem 1.0.2 ([15]). Let M := N/D be a nilmanifold, where N is a nilpotent Lie
group and D is a discrete subgroup. Then if L is the Lie algebra of N, we have:

o H*(OM) = H*(L).

e The dimension of a maximal torus acting freely on M is equal to dim Z, where

Z is the centre of L.
This allows us to formulate the toral rank conjecture for nilpotent Lie algebras:

Conjecture 1.0.3 (nil-TRC). For any nilpotent Lie algebra L,
dim H*(L) > 24mZ

The nil-TRC is known for two-step nilpotent Lie algebras; a proof was first pub-
lished in [5], and additional proofs have since appeared in [17] and [14]. However, the
general case is still not known. It is worth noting that in many cases, the dimension
bound is a considerable underestimate, one such instance is given by [17], another is
provided in example 4.3.6.

One line of attack was proposed by Cairns and Jessup in [4]. They define a
representation of AZ, the exterior algebra over the centre of a Lie algebra, as an
algebra of operators in the cohomology of the Lie algebra. This defines a AZ-module
structure on H*(L). This module structure is related to the toral rank conjecture by

the following theorem, which for the sake of completeness, we prove in section 3.4.



Theorem 3.4.5([15]). Let L be a Lie algebra, let Z be the centre of L, and let
0# 7€ AMmZZ The following are equivalent:

1. There exists an element w € H*(L) such that i,(w) # 0.
2. The algebra homomorphism i : AZ — End (H*(L)) is injective.
3. H*(L) contains a free AZ-submodule.

If these conditions hold, then L satisfies the nil-TRC.

In sections 4.2, 4.3 and 4.4, we prove results about the AZ-module structure of
three concrete classes of nilpotent Lie algebras.

In section 4.5 we prove the main result of this thesis:

Theorem 4.5.1 Let L := U & Z be a two-step nilpotent Lie algebra with centre Z.
Then the AZ-module structure of H*(L) is non-trivial.

This is the two-step case of conjecture 5.9 of [4]:

Conjecture 3.4.6. For any nilpotent Lie algebra L, H*(L) has a non-trivial AZ-

module structure.

Most proofs in chapters 2 and 3, as well as the first section of chapter 4, are
well-known. The remainder of chapter 4 contains results which to our knowledge
have not previously appeared in the literature.

I would like to thank my supervisors Barry Jessup and Paul-Eugene Parent for
their guidance, help and easy-going attitude which have all helped with the research
and writing of this thesis. I would also like to thank the National Sciences and

Engineering Research Council of Canada (NSERC) for sponsoring this research.
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Chapter 2

Preliminaries

This chapter fixes notation for the rest of the thesis and collects a number of results
from elementary multilinear algebra. Unless stated otherwise, all vector spaces and
tensor products will be assumed to be over R, and all vector spaces will be assumed
to be finite dimensional, so in particular vector spaces are isomorphic to their duals.

The dual Homg (V,R) of a vector space V' will be denoted V*.

2.1 Lie algebras

We start by defining graded Lie algebras. For the most part, we work only with
classical Lie algebras, which are a special case of graded Lie algebras. A good reference
for classical Lie algebra theory is [12]. Graded Lie algebras are studied in [6]. Our
primary interest is in nilpotent and unimodular Lie algebras, and we restrict our

attention to concepts important to these cases.

Definition 2.1.1. A graded vector space V is a direct sum of vector spaces:
V=VleVe -oV'®---

If z € V™, we say x has degree n, and we let |z| = n.
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Definition 2.1.2. A graded Lie algebra is a graded vector space A equipped with
a bilinear map [,] : A x A — A, known as the graded Lie bracket, satisfying the

following axioms:

o for u € AP and v € A%, [u,v] € APTY

o [u,v] = —(=1)Py 4] (anti-symmetry)

o [u,[v,w]] = [[u,v],w] + (=1)*I*![v, [u, w]] (graded Jacobi identity)
Definition 2.1.3. A Lie algebra is a graded Lie algebra concentrated in degree 0.

Definition 2.1.4. If L is a Lie algebra and A, B C L, we define [A, B] as the subspace
spanned by all brackets [a,b] with a € A, b € B. A vector subspace I C L is an ideal
if [I, L] C I. Note that this is equivalent to [L, I] C I, and unlike in non-commutative

ring theory, Lie algebra ideals are always two-sided.

Definition 2.1.5. If a,b € L and [a,b] = 0, we say a and b commute. The centre Z
of L is the set consisting elements which commute with all of L. Note that Z is an

ideal of L and [L, Z] = 0.

Definition 2.1.6. The adjoint representation of a Lie algebra L is the linear map

ad : L — End L defined by
adz(y) = [z,y].

A Lie algebra L is unimodular if for all x € L, tradx = 0.

Let Z be the centre of L. It follows immediately from the definition of ad x and
Z that adz = 0 if and only if x € Z.

Definition 2.1.7. The lower central series of a Lie algebra L is the sequence of ideals

defined inductively as follows:
o ['=1

o IF=[L,LF]
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The Jacobi identity guarantees that each term of the above sequence is indeed an
ideal, and L¥ D L*~1. If for some k, L* is non-zero but LF*! is zero, we say L is a

k-step nilpotent Lie algebra.
The following proposition is crucial to our study of nilpotent Lie algebras.
Proposition 2.1.8. Let L be a k-step nilpotent Lie algebra. Then,
1. L has a non-trivial centre.

2. L is unimodular.

Proof. By definition, L* # 0 and [L, L*] = 0, so L* C Z where Z is the centre of L.
Now, fix x € L. For all y € L,

Lx, [z, [x,. .. [z,y].. ]]l: 0

k times

This is equivalent to

(adz)fy =0

showing that ad x is a nilpotent operator. However, every nilpotent operator has a
strictly upper triangular matrix under a suitable basis, and so the sum of the diagonal

elements is zero, showing that trad z = 0 for all x. Therefore L is unimodular.  [J

Remark 2.1.9. In the course of the above proof, it was shown that if L is nilpotent,
then ad x is nilpotent for all . The converse is also true; Engel’s theorem is the

statement of these two facts. We shall not need this result here.

Remark 2.1.10. The class of unimodular Lie algebras is much larger than the class
of nilpotent Lie algebras. Section 3.2 gives an example of a unimodular Lie algebra

which is not nilpotent.

The family of Heisenberg Lie algebras is a classical example of nilpotent Lie

algebras.
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Example 2.1.11. For every n € N, let h,, := span{w;|1 <i < n} @ span{y;|1 <i <
n} @ span{z}, with [u;, v;] = z and all other brackets zero. Here [h,,,h,] = Z(h,) =

span{z}, so b, is a two-step nilpotent Lie algebra.

Example 2.1.12. A Lie algebra structure can be defined on any associative algebra,
and in particular on any matrix algebra. This construction will be used in section
2.4.

Let A be an associative algebra over R. Then we take L to be the underlying
vector space of A with the Lie bracket given by [z,y] = zy — yx. Anti-symmetry is

obvious and the Jacobi identity follows from the associativity of A.

If the centre of L is all of L, or equivalently all brackets are zero, we say that L
is an abelian Lie algebra. In the previous example, the algebra A is abelian (commu-

tative) if and only if the Lie algebra L is abelian.

2.2 Exterior algebras
All of the following results can be found in [7].

Definition 2.2.1. A graded algebra A is a graded vector space having an algebra
structure where multiplication maps A® ® A® into A%, and 1 € A% If A° = R, we
say A is connected. In what follows, all graded algebras will be connected. If x € A",

we say that x is an element of degree n, and we let |z| = n.

Definition 2.2.2. Let V' be a vector space. The free associative algebra on V' is

denoted T'(V') and defined as:
TV)=ReVa(VeV)sa(VeaVeV)d---
Multiplication is defined as word concatenation on monomials, extended linearly:

(M® Qv (N ® - QW) =1 Q- RV, QW V- D w,



2.2. EXTERIOR ALGEBRAS 9

This is a graded algebra, and we write 77(V') to denote the subspace which is the
p-fold tensor product of V' with itself. Here T°(V) = R.

Remark 2.2.3. If A is a graded algebra and [ is a graded ideal, then A/ is a graded

algebra, since for all 7, I; C A;, and there exists a vector space isomorphism:

AlT= AT
Furthermore, the multiplication in A/I is induced by the multiplication in A, and the
unit of A/I is T c Ao/I().

Definition 2.2.4. Let V' be a vector space, and let N C T(V) be the two-sided
(graded) ideal generated by elements of the form u® v+ v ®wu, for all u,v € V. Then

we define the exterior algebra over V by:
AV :=T(V)/N

If we let N? := N NTP?(V), then the vector space TP(V)/NP will be denoted APV,
and we have:

AV =PAv
i>0

The product of u,v € AV will be denoted u A v.

We now collect some standard results about the exterior algebra into a proposi-

tion.
Proposition 2.2.5. If V is a vector space, the following holds for AV :

1. Since N is generated by elements of degree 2, we have N° = N' = {0}, so
AV =R and A'V 2 V.

2. The exterior algebra is graded-commutative — for elements u € APV, v € A1V,
uANv=(=1)PMvAu

If v e APV, we will write |v| = p.
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3. The dimension of APV is (dh;lv), and so the dimension of AV is 24mV_ [n

particular, A"V =0 if m > dim V.

Proof. Each part is proved as follows:

I

1. Immediate, since T%(V)/N° =T%(V) 2R, and T°(V)/N° =T (V) = V.

2. It suffices to prove this fact for monomials u € APV, v € A7V,

We write u and v as products of generators:

(A I ARRAN 17

vo= v N\ ANy,
From the definition of N, we can conclude that:
UL N ANup Avy = —uy A== ANup_1 Avp Ay,
By induction on p, we get:
U A= Aup Avp = (=1)Poy Aug A+~ A,

Now we write

UNV=Uur N ANup A A -+ ANy

and proceed to shift the v; to the left, starting with v;. By induction on ¢, we
get:
uNv=(=1)PvAu

3. Let n := dimV. By (2), the vector space APV is spanned by all non-zero
monomials x;, A---Ax;,, where {x;|1 < i < n} is a basis of V. Such a monomial
is non-zero precisely when the ¢;’s are distinct, and different permutations of
the 7;’s only change the sign of the resulting monomial. We also remark that
these monomials are linearly independent. So the number of distinct monomials

is the number of distinct p-element subsets of a set of n elements, which is (Z)
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The second part follows from the binomial identity:

()=

k

The exterior algebra satisfies a universal property.

Theorem 2.2.6. Let ¢ : VXV — W be an anti-symmetric bilinear map. Then there
exists a unique linear map ¢ : A2V — W such that ¢(u A v) = ¢(u,v).

Proof. By the universal property of tensor products, ¢ induces a unique linear map
¢~5 :V®V — W. The ideal N defined previously is contained in ker& since ¢ is
anti-symmetric, so the map ¢(u A v) := d(u® v) is well-defined.

It remains to show that ¢ is unique. If ¢’ : A2V — W is another map satisfying
¢'(uAv) = ¢(u,v), then (¢ — ¢')(uAv) = 0, and since vectors of the form u A v span
A%V, we see that ¢ = ¢'. O

Definition 2.2.7. The dual pairing of A™V* on A"V is defined as follows.

If m = n, for monomials v A --- A v, and wy; A - -+ A w,,, we set
<’U1 FANRIRIRIVAN Um,, W1 VANCIRIEIVAN wm> = det[vi(wj)]lg,jgm.

This is well-defined and bilinear by the elementary properties of the determinant.
If m #n,
(A"V* A™V) = 0.

Proposition 2.2.8. If V' is a vector space with dual V*, there exists a natural vector
space isomorphism:

(AV)* = A(V?)

Proof. First we show that the dual pairing of AV* on AV is non-degenerate. Let

0 # wy A---wy, € AV be given. View {w;}1<;<m as a basis of a subspace of V' and
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consider a dual basis {v;}1<;<, which satisfies the following:

1 1=y
0 : i#y

Since {v;}1<i<m is linearly independent, we have vy A -+ A v, # 0. We compute

vi(w;) =

(VI A= AU, w1 A -+ -y, = det[v;(w;)]1<ij<m = det 1, =1
This shows (,) is non-degenerate. Now, we define an isomorphism
6 AV — (AV)
by
¢(a)(B) = (o, §).

The non-degeneracy of (,) yields that ¢ is an isomorphism, and since no choice of

basis was made, ¢ is natural. O

2.3 Derivations

In this section, we study an important class of operators sitting inside End (AV).

Definition 2.3.1. A linear map ¢ : AV — AV has degree k if it maps APV into
APTFV . We say that ¢ is a derivation of degree k if it also satisfies the graded Leibnitz

rule:

6(u A ) = Bu) Av + (—1)u A g(v)
A derivation d which also satisfies d? = 0 is called a differential.

Remark 2.3.2. A derivation ¢ : AV — AV is always zero on A°V &~ R,
Indeed,

o(1) = ¢(1-1)
= (1) -1+ (=1)*M1- (1)
= ¢(1) + ¢(1),
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so ¢(1) =0.

Proposition 2.3.3. Let d : AV — AV be a differential of degree k. The kernel of d
is a graded subalgebra of AV, and the image of d is a graded ideal in ker d.

Proof. Since d is a linear map of degree k, ker d and im d are both graded.

Suppose «, 3 € kerd. Then,
dlanB)=dan B+ (=1)landd=0

Furthermore, by remark 2.3.2, 1 € kerd. Thus the kernel is a subalgebra.
To see that the image is an ideal of the kernel, first note that d? = 0 is equivalent

to imd C kerd. Now, pick da € imd, 3 € kerd. We have
dlaAB)=danf+ (=1)and3=dang
Hence da A 8 € imd. O

Definition 2.3.4. A graded-commutative algebra is a graded algebra A such that for
a,b e A,
a-b=(=1lMp.q.

A graded-commutative differential algebra is a pair (A, d) where A is a graded algebra
and d is a differential. The graded algebra kerd/imd is called the cohomology of A
and is denoted by H*(A,d), or if the differential is apparent from context, H*(A).

Proposition 2.3.5. Let (A,d) and (B, D) be graded-commutative differential alge-

bras. If ¢ : A — B is a linear map of degree k which satisfies
¢d — (—=1)"Dgp =0
then ¢ induces a well-defined map

H*(¢) : H*(A,d) — H*(B, D).
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Proof. Let x € ker d, that is dz = 0. We know 0 = ¢dz = (—1)*D¢(x), hence ¢(x) €
ker D. Now choose dy € imd. We have ¢dy = (—1)*D¢y € im D. So ¢ restricts to a
map ¢ : kerd — ker D, and factors to a map H*(¢) : kerd/imd — ker D/im D. O

In the language of category theory!, H* is a functor from the category of graded-
commutative differential algebras to the category of graded-commutative algebras.
Having demonstrated some key properties possessed by differentials, we return

to arbitrary derivations.

Proposition 2.3.6. Let ¢ : AV — AV be a derivation of degree k. Then ¢ is

completely determined by its action on V.

Proof. Suppose ¢ : AV — AV and 6 : AV — AV are both derivations of degree k
which are equal on V. We must show ¢ = 6. The proof proceeds by induction; we
show ¢ — 0 is zero on APV for all p.

The case p = 0 is true by remark 2.3.2 and p = 1 is true by assumption. For the
inductive step, assume ¢ and @ agree on A"V for i < p. Pick a monomial in APV and

write it as Ay, where |z| =1 and |y| = p — 1. We now compute ¢ — 0 on = A y:
(6 =0)(@ Ay) = (¢ =0)(x) Ay + (~1)" e A (6= 0)(y).

Since z € A'V, (¢ — 0)(z) = 0, and since y € APV, (¢ — 0)(y) = 0 by the induction
hypothesis. Therefore on APV, ¢ = 6, and by induction this holds on all of AV. O

Two remarks follow immediately.

Remark 2.3.7. Any linear map ¢ : V — A*V can be inductively extended to a unique
derivation of degree k. Define ¢(1) := 0; now given u A v € APV where |u| = 1, we

set:
d(uAv) = o(u) Av+ (=1)Fu A ¢(v)

Since |v| = p — 1 we apply the definition inductively to v.

!See, for example, [13].
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Remark 2.3.8. Derivations of degree k£ < —1 are identically zero, since a derivation of
degree k < —1 is determined by its action on V, yet it must map V to A'~*V, which

is zero since 1 — k < 0.

Definition 2.3.9. Let Der (AV)* be the space of all derivations of degree k on AV.

Define a graded vector space
Der (AV) = @ Der (AV)*
k

In fact, Der (AV') has the structure of a graded Lie algebra.

Theorem 2.3.10. For any vector space V, Der (AV') is a graded Lie algebra, with
bracket defined by

[0, 0](z) = $(0(x)) — (=1)"I"6(¢())

where x € AV is arbitrary.

Proof. If |¢| = k and |0] = [, it is clear that [¢, 0] is a linear map of degree k +
. A tedious but straightforward calculation shows that [¢,0] € Der (AV). Anti-
symmetry is clear and the Jacobi identity follows from the associativity of function

composition. [
Now we turn our attention to a very specific class of derivations.

Definition 2.3.11. (Interior product) For z € V, the map 7, : AV* — AV* is the
transpose of multiplication on the left by z on AV, under the dual pairing of AV*
and AV; for any u € AV™™! and v € AV™,

(1,(u),v) = (u,z Av)
Lemma 2.3.12. The map i, is a deriwation of degree —1.

Proof. First, we note that for u € V*,

i(u) = (i(u),1) = (u,z A 1) = (u, 2).
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Let {uiti<i<p C V* and {v;}1<i<p—1 C V be two lists of vectors, possibly linearly

dependent. We compute:

(la(ug Ao Aup), v Ao Avpog) = (U A AUp, 2 AU A+ Avp_q)
<U1,Z> <U1,U1> e <ulavp—1>

. <U/2,Z> <U/2,U1> e <U2,Up_1>

(Up, 2)  (up,v1) -+ (Up, Vp-1)

Call this matrix M. We expand the determinant of M along the first column; using
M;; to denote the determinant of M with the ¢th row and jth column deleted,

det M = Z(—l)j+1<Uj,Z> det Mjl
J
= D (=1 w2 (g A At A Ay v A Av)
J
= D (=1 (ug) Ay A At A Ay op A Avy_g)
J
= O (=1 i (uy) Ay A At A Ay op A Avyg)
J
Hence,
(U A Auy) = Z(—l)j“iz(uj) ANug A== N N Ay
J
This shows that 7, is a derivation of degree —1 on monomials. The general result now

follows by linearity. O

These maps 7, are used to define cohomology operations in section 3.4.

Remark 2.3.13. For ¢ € AV with |¢| > 1, we can define a map i, as above; however
in this case it fails to be a derivation. Indeed, were it to be a derivation of degree
—|¢] < —1, remark 2.3.8 would force it to be identically zero, yet for non-zero ¢ of

any degree, there exists (* € AV* such that (i¢(¢*),1) = (¢*, () # 0.
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2.4 Skew-adjoint operators

We recall some elementary results from the theory of linear operators, the full details
of which can be found in many texts, for example [3].

If V' is a (real or Hermitian) inner product space, then a linear operator T': V' —
V' is self-adjoint if (T'v,w) = (v, Tw) for all v,w € V. Similarly, T is skew-adjoint if
(Tv,w) = —(v, Tw).

Definition 2.4.1. The space of skew-adjoint linear operators is denoted so(V). It is

easy to see that it has the structure of a Lie algebra?, with [T, S] =TS — ST.

A standard result from linear algebra states that a self-adjoint operator is diago-
nalizable. Here we present the proof of the well-known canonical form for skew-adjoint

operators.

Proposition 2.4.2. Let V be an inner product space. If T € s0(V'), then there exists
a basis of V' such that the matriz of T" with respect to this basis is block diagonal of

the following form, where \; € R:

0 M
-2 0

T = —>\2 0

Proof. Recall that given a real inner product space V', we construct the scalar exten-
sion Ve :=V ®gr C, and equip V¢ with a Hermitian inner product as follows, where
u,v € V and a,b € C:

(u® a,v®b) = ablu, v).

2This is the Lie algebra obtained from the Lie group SO(V) of special orthogonal linear operators
on V.
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We will henceforth write u ® a as ua. The following identity is satisfied:
(ua,vb) = (vb, ua)

Extend T to an operator acting on V¢ by T'(ua) = aT'(u), so that iT(ua) := iaTu is
self-adjoint:

(1Tv,w) = (Tv, —iw) = (v, i Tw)

Since T is self-adjoint, we can find a basis {z;} of V¢ such that /T is a diagonal
matrix with real eigenvalues on the diagonal. Therefore, T'= —i-4-T can be written

as follows:
—iM
T = _7/)\2

If X\ is an eigenvalue of T, we denote the corresponding eigenspace by E). We
may write a general element of E) in the form v + iw, v,w € V. We see that
T(v+iw) = —i\j(v+iw) = —i\ju+Aw, and on the other hand, T'(v+iw) = Tv+iTw.

Since Ve = V @ 1V, equating real and imaginary parts yields:

Tv = \w (2.4.1)

Tw = —\v (2.4.2)

The vectors v and w are either linearly dependent or independent. We treat the two

cases separately:

e v and w are linearly dependent. Either at least one is zero, or v = aw for
some a € R. If at least one is zero, then either \; = 0, or 2.4.1 shows that
both are necessarily zero, which contradicts that v + iw is an eigenvector. The
other possibility is that v and w are both non-zero and v = aw, in which case
Tv = aTw = —a*\;w. But we have Tv = \jw, so either \; = 0, or —a? = 1.

The latter is impossible since a € R. So A\; = 0 and T|Span{v7w} = 0.
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e v and w are linearly independent. Let Fj := span{w,v}. Then T‘FA]- has

the following matrix:

This completes the proof. O
Now we come to the main result of this section.

Proposition 2.4.3. Let T, S € so(V). If [T, S] = 0, then there ezists a basis making

the matrices of both T' and S block diagonal in the sense of proposition 2.4.2.

Proof. If X\ is an eigenvalue of i1, we denote the corresponding eigenspace as E). If
0 # v € E), then ¢T'Sv = iSTwv, thus ¢T'Sv = ASv and Sv € E). Therefore we can
write V' as a direct sum of ¢S-invariant eigenspaces of ¢T". For each eigenvalue A,
iT|p, is multiplication by a scalar, and since iS|g, is self-adjoint, we can find a basis
for each E) making iS|g, diagonal. Since i7" is multiplication by a scalar on every
E)\, it remains diagonal under the new basis, so we have a basis where both operators

are diagonal in the usual sense. The desired forms of 7" and S on V now follow. [

2.5 The structure of A2V

In this section we focus on degree 2 elements of an exterior algebra. The results will
be fundamental to the study of the structure of two-step nilpotent Lie algebras in

section 4.3.

Theorem 2.5.1. For any real inner product space V', there exists a vector space
1somorphism:

n:so(V) — A?V*

Proof. Given T' € s0(V), Define a bilinear form by T(u,v) = (Tu,v). Since T is
skew-adjoint, T is anti-symmetric, therefore by theorem 2.2.6 it induces a linear map

T': A2V — R. Hence T" € A*V*. Set n(T) :=T".



20 2. PRELIMINARIES

Linearity of n follows from the universal property.

To see that 7 is injective, suppose that n(T") = 0 for some 7. Then, 7" : A’V — R
is the zero map, thus 7" : V' x V' — R is the zero form, i.e. for all u,v € V, (T'u,v) = 0.
This implies that Tu = 0 for all w € V', and so T' = 0.

On the other hand, a dimension argument shows that 7 is surjective. Let n :=
dim V. A skew-adjoint linear map is completely determined by the upper triangle of

its matrix, and thus we get:

—1
dimso(V) = % = (Z) = dim A?V = dim A*V*
It now follows that 7 is an isomorphism. O

Corollary 2.5.2 (Easy Darboux Theorem). Let w € A?*V*. Then there erists a

symplectic basis of V*, {v; }1<i<dimv~+, such that:
w:’Ul/\Ug—‘—“““’Uijl/\’Ugj.
The integer j is the rank of w, denoted rankw.

Proof. Recall n, the vector space isomorphism defined in theorem 2.5.1. We can find

a basis of V* such that n~!(w) is block diagonal:

0 N
7771(“1): -1 0

Now our result follows from the definition of #:

w = g —Ai€2i—1 A €g;

1<i<dim V*

We can define a Lie algebra structure on A2V*. For «, 8 € A2V*,

[, 8] == n([n~ (), n " (B)]).
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Corollary 2.5.3. Two elements a, 3 € A*V* commute if and only if there exists a

basis {z; }1<i<n of V* such that o and 3 have the following form, for scalars a;j, b; € R:

o = E A;T2j—1 N Xoj
1<j<n

6 == E bijj—l N Ty -
1<j<n

Proof. Note that [a, 5] = 0 if and only if n7'(a) and n7'(8) are simultaneously
diagonalizable in the sense of lemma 2.4.3, and by corollary 2.5.2, this holds if and

only if there is a basis such that a and 8 have the desired form. O

2.6 Some graph theory

To be self-contained, we mention some basic facts about graph theory which will be
used in the proof of theorem 4.4.1. Full details can be found in any text on elementary

graph theory, for example [10].

Definition 2.6.1. A graph G is a pair (V(G), E(G)) where V(G) is a finite set of
vertices and E(G) is a finite list of edges. An edge is an unordered pair vy, vy where
vy, vy € V(G). There may be multiple edges between the same pair of vertices. (In

some texts, this is known as a multi-graph.)

Definition 2.6.2. Let G be a graph, and let v € V(G). The degree of v is the
cardinality of the set
{e€ E(G)|v € e}

Definition 2.6.3. Let G; and G5 be two graphs. The union G UG5 is defined to be
the graph with vertex set V(G1) U V(G2), and the edge list being the concatenation
(or disjoint union) of the lists £(G;) and E(Gs).

Definition 2.6.4. A cycle in a graph G is a list of vertices satisfying three conditions:

e from each of its vertices there is an edge to the next vertex,
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e there are no repeated vertices,
e there is an edge from the last vertex to the first vertex.
The length of a cycle is number of vertices in the cycle.
Definition 2.6.5. A graph G is said to be n-reqular if every vertex has degree n.
We prove a well-known fact about 2-regular graphs.
Lemma 2.6.6. A 2-regular graph is a disjoint union of cycles.
Proof. Starting from an initial vertex vy, we form a cycle as follows:

e We pick one of the two edges leaving vy, and call the vertex opposite that edge

V1.

e Now there are two edges leaving vy, one of which was already traversed, giving
us only one way to proceed. We label the vertex opposite that edge vo, and

continue the process.

e Since V(@) is finite, eventually the process must return us to vy, forming a

cycle.

If possible, we then choose a vertex not part of the cycle as vy, and repeat the
above steps. Eventually this algorithm will terminate, as every vertex will be part
of some cycle. The cycles will be disjoint; if a vertex appears in a cycle, then both
edges leaving that vertex appear in the cycle, but G is 2-regular, so a vertex can only

appear in a single cycle. O

Definition 2.6.7. Let G be a graph, and let [n] be the set {1,2,...,n}. An n-
colouring of G is amap f : V(G) — [n] such that no two vertices sharing an edge are

mapped to the same element by f.

Now we can prove a lemma we will need in section 4.4.
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Lemma 2.6.8. Let G and Gy be 1-reqular graphs sharing the same vertex set, that
is V(G1) = V(Gy). Then G := G1U Gy is a 2-reqular graph which admits 2¢ distinct
2-colourings, where ¢ is the number of cycles in G. Furthermore, each 2-colouring

partitions the set of vertices into two equal-sized subsets.

Proof. Since E(G) = E(G1)UE(G3), it is clear that there are two edges leaving every
vertex.

Lemma 2.6.6 implies that G is a union of disjoint cycles. Now, suppose v is an
arbitrary vertex part of some cycle. Since G is a union of two 1-regular graphs, one
of the edges leaving v must come from (7, and the other edge must come from Gbs.
As we traverse the cycle from start to finish, we alternate between edges from G; and
edges from GG5. An even number of edges must be traversed, since we return to the
original vertex. Therefore, each cycle has even length.

Note that a cycle of even length can be 2-coloured in one of two ways; once
the colour of a single vertex has been fixed, the colours of all remaining vertices
are completely determined. There are two choices one can make for the colour of
the initial vertex. If G is a union of ¢ even-length cycles, then it admits 2¢ distinct
2-colourings.

Note that when a 2-colouring of a cycle is chosen, each distinct colour is assigned
to an equal number of vertices. From this it follows that in G, each distinct colour is

also assigned to an equal number of vertices. O
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Chapter 3

Lie algebra cohomology and

AZ-modules

We begin by recalling the definition of H*(L), the Lie algebra cohomology of L.
Section 3.4 then defines a AZ-module structure on H*(L) as introduced in [4].

3.1 Lie algebra cohomology

The cohomology of a Lie algebra L is defined as the cohomology of (AL*,d), where
the differential d is determined by the Lie bracket on L. The algebra (AL*, d) is called
the Koszul complex of L.

Theorem 2.2.6 implies that the Lie bracket induces a well-defined linear map
0 : A2 L — L. The transpose of this map under the dual pairing of AL* with AL will

be denoted d. By the definition of the transpose, for z € L* and =,y € L, we have

(dz,x Ny) = (z,[z,y]).

The map d : L* — A%L* can be extended to a unique derivation d : AL* — AL* of

degree 1 as in proposition 2.3.6.
Theorem 3.1.1 ([14], page 6, or [9], page 175). The map d is a differential: that is,
d* = 0.

25
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Proof. Since Der (AV*) is a graded Lie algebra and d has degree 1, [d,d] = 2d?, so
d? is also a derivation. Now, proposition 2.3.6 ensures that d* is determined by its
action on L*, so we are done if we can show that d? : L* — A3L* is zero.

Define ® : A3L — A?L as follows:
PxAyANz) =,y Az+ [z, 2] Ny + [y, 2] ANz
Now by the Jacobi identity,
O@(z Ny Az)) =z, y], 2 + [[z, 2], y] + [y, 2], 2] = 0

Hence 0o ® = 0.
It remains to show that ® is the transpose of d : A2L* — A3L*, since then
d>=dod=(0o®)* =0.

Let a,b € L* and z,y, 2z € L. Then we have:
(P (anb),x ANyNz)={(aANb,DP(xAyA z)) (3.1.1)
Now:

(anNb,O(x ANy)ANz) = aNb zN\O(xAy))

i.(aND),0(x Ay))

—
—
—(a, 2)(b,0(x \y)) + (b, z){a, Oz A y))
—

a, z){db,x A\ y) + (b, z)(da, xz N\ y)

Similar computations yield:

(anb,0(zANzx)Ny)y = —(a,y){db,z ANx)+ (by){da,z A x)

(anb,o(yNz)Nz)y = —(a,x){db,y Ax)+ (b,x){da,y A z)
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Substituting everything into equation 3.1.1 gives us the following:

(P (aNb),x ANyAz) = —(a,z){db,x Ay)+ (b, z){da,z \y)
—(a,y)(db, z A\ z) + (b,y)(da, z A\ x)
—(a,z){db,y A x) + (b, z)(da,y A z)

= (da,ip(z Ay A 2)) — (db,ia(z Ay A 2))

= ((da) Nb—a A (db),z Ny A z)

= (dlaNb),z Ny A z)
Thus ®* = d on A*L*, and since 9 o ® = 0 it follows that d? = 0. O

We are now ready to define the central concept studied in this thesis.

Definition 3.1.2 (Lie algebra cohomology). Let L be a Lie algebra. We define
a differential d on AL* as above, and let H*(L) := kerd/imd. This is a graded-
commutative algebra by lemma 2.3.3, and is known as the cohomology of L. The

dimension of H"(L) is the nth Betti number of L.

The following useful lemma provides a connection between the adjoint represen-

tation of L, and the Koszul complex of L.
Lemma 3.1.3. Forx € L andy € L,
(ad :L‘)*(y) - i$dy

Proof. We show that 7,d is the transpose of ad z; since transposes are unique, the

result follows. Indeed, for w € L,

(ipzdy,w) = (dy,x Aw)
= (y, [z, w])
= (y,adz(w)).
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3.2 Example cohomology computations

This section contains a few examples of explicit cohomology computations.

Example 3.2.1. The cross product on R?® = span{z,y, 2} is a skew-symmetric bilin-

ear map defined on basis elements:

TXY = 2
YyXxXz = «x
Z2Xx =y

This makes R? into a Lie algebra, which we shall call L. Note that L is unimodular
but not nilpotent. In the literature, this Lie algebra is denoted so(3). It can also be
presented as a matrix Lie algebra without reference to the cross product.

Fixing a dual basis, we have L* = span{z*,y*, 2*}. The differential on L* is

given by:
dz* = y*NZ*
dy* = 2"ANz2*
dz* = " Ny*
Note that there are no non-trivial cycles in L*. Recall that dim A2L* = (3) = 3, so

A%L* is spanned by boundaries, and dim A3L* = (g) =1, so A3L* is spanned by a

single element x* A y* A z*, which is a cycle for degree reasons. Hence, we have:

H°(L) = span{l1} =R
HY(L) = 0

H*(L) = 0

H*(L) = span{z* Ay* A 2*}

Remark 3.2.2. For any Lie algebra L, H°(L) = R, since 1 € kerd, and 1 ¢ imd.
Computations similar to those in the example above show that for any Lie algebra

L, HY(L) = L/[L, ).
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Example 3.2.3. Let L := span{zy, xs, 3, T4, 21, 22}, with non-zero brackets on basis

elements defined by

1, 7o
(3, 74]
1, 73]

[x% $4]

Under the corresponding dual basis, the differential is defined as follows:

* * * * *
dzf = x] Nxy+x5 N\ xy

* * * * *
dzy = ] Nxs+x5N\xy)

The Koszul complex (AL*, d) is a 64-dimensional vector space; computer calculations

produce the following basis for H*(L):

° HI(L):

o H?(L):
AN
] N\
Ty Nxy — 2] N\ T3
[ RANE e AN
—xy N 27+ 2] N 2
Ty N2+ 15N 2
T3 N2y + 5 Nz

* * * *

21

21

22

Z9.
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o H3(L):
* * *
T N3 N\ 2
Ty Ny N\ 2]
Ty Nxy N 2] —x] Aoy N\ 2]
T3 NxTy N 2] — 2] NTy A\ 2]
* * * * * *
AVAN AN VAN A
* * * * * *
TINTH N 2] + 2] Nx3 N\ 25
Ty Ny N\ 25
I ANTY N 25
Ty NTy N\ 25 + 27 ANy A 24
* * * * * *
T3 NTy N\ 29 + 27 NT3 A\ 24
407N .
o H*(L):
—x5 ANx3 Nxy N\ 2] +x] ATy ANag A\ 25
AN AN AN S VAN AN A
TINTZ ANTg N 2] + 27 Aoy Aoy N 25
* * * * * * * *
ToNT3NTy Nzg —x] NXy ANxg A\ 2]
Ty NTy N\ 2] N2
AN AN
* * * * * * * *
ToNTZNZT Nzy —x] Nxg N2y Nz
TaNTI N2 N2y —a] Ny N2l A 25
50T -
o H°(L):
TINTZNTZ NN 25
I NTENTy NN 25
I NTENTy NN 25
To NTy Nxy N 2T N 25
o HS(L):

* * * * * *
TINTG Nx3 NXy N 2] N 25
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3.3 The Laplacian operator

The goal of this section is to recall the definition of the Laplacian, a linear operator
A : AL* — AL* such that ker A = H*(L). This represents the cohomology as the
so-called harmonic forms ([16]).

We begin by introducing an inner product on AV for an arbitrary inner product

space V with n := dim V. We fix an ordered orthonormal basis {e; }1<;<, of V.

Definition 3.3.1. The Hodge star map x : AV — AV is defined on basis elements
and extended linearly as follows. Consider a typical basis element e = e;, Aeg, A+ - -Aey,
where iy < iy < .-+ <, Lete =ej A---A e;, be the wedge of all basis elements

not appearing in the list 4,4, ..., %,, with ¢ = n — p. Now we can define:

*e = (_1)Sgn (il7i27~~~7ip7j1,---7jq)e/

where sgn (ay, as, . .., ay) is the sign of the permutation mapping [ to a;.

Remark 3.3.2. Given a € APV | straightforward calculations yield that xa € A" PV

and *x a = (—1)P(Plq,

Definition 3.3.3. As in [2], we use the Hodge star to endow AV with the structure of

an inner product space. If z,y € APV, then we define (z,y), := x(x A xy), otherwise

(z,y)s == 0.

Remark 3.3.4. We can show that (, ), is an inner product as follows. It is clearly
linear. Now, let x := e;; A---Ae;y, and y := e; A --- Ae; be monomials, with
W < - < ipand g < -+ < jp. If for some k, i # ji, then e;, Az # 0, and

ej, N *y = 0. Because y lies in the ideal generated by e;, ,
{z,y) = *(x Axy) = 0.

On the other hand, if for all k, i, = ji, then x = y, and by the properties of the
Hodge star map,

(T,y)s =*(x A*y) =1
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Therefore the set of monomials forms an orthonormal basis for AL*, and so (, ), is an

inner product.

Now we return to Lie algebras. In the remainder of this section, we assume that

L is a unimodular Lie algebra!.
Lemma 3.3.5. The restriction of d to AY™L=1L* is zero.

Proof. We choose dual bases {z1,...,z,} and {z},..., 25} where n = dim L. We

write dz; relative to this basis:

* . 7 * *
dz; := E B x; ATy

1<j<k<n
For j > k, set (], := —@ ;. Set (] ;=0 for all j.

Note that for any linear operator 7" : L* — L*, we have
n
T =Y i, T(x])
i=1

Hence, we perform a calculation:

n

=1

n

=3 Y (B Aa)

i=1 1<j<k<n

n
= - Z Z iz (i, (ﬁ;,kx; A )
i=1 1<j<k<n

n n

i=1 k=1
Define v € L* by v(x) := tradz. Since L is unimodular, v = 0; on the other hand,
the above calculation and lemma 3.1.3 shows

n n )
7= Z Z Bk

i=1 k=1

n fact a slightly more detailed approach allows one to define the Laplacian for arbitrary Lie
algebras L; the reader is referred to [14] or [2] for the details, as we do not need those results here.
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Now, we pick an element o € A" 'L* and show that daw = 0. Without loss of
generality, we can assume « is a monomial, and furthermore, we can assume « :=
i A---Az’_; the argument for the other monomials in the canonical basis of A"~!L*

is similar. We compute:

do = Y (=D)™Mda; Aai A AT A AT

1<i<n—1

= ) (U)MBLar Ar AT A ATEA AT
1<i<n—1

- —( 3 ﬂ;nx;)mwml

1<i<n—1
= YA«
= 0.

O

Definition 3.3.6. The adjoint of the differential d with respect to the inner product

(,)« is a linear map of degree —1 denoted 0 : AL* — AL*.

Remark 3.3.7. If x : V' — V* is the isomorphism induced by the inner product on V/,
then:

(z,0(uNv))y = (dz,uNv),
= (dz, x(u) A x(v))

= (2 [x(u), x(0)])
Thus d(u A v) = [x(u), x(v)], showing that 9 is the Lie bracket on A?V*.
Proposition 3.3.8. On APL*, 9 = (—1)"®*D+! 5 dx where n = dim L.

Proof. Let o € AP71L*, 3 € APL*. Since the restriction of d to A L=1[* is zero, we

have that

0 = dlaNxp)

= daA*B+ (=1 ra A (dxpB)
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This is equivalent to:
daN*p = (—1)Pa A (d*f)
Now we compute:
(o, (=1)"eTDH w8, = (=)L (g Ak xd* 3)
= (=1)"PHDFH-DIn—ptl) (a Adxf)
= (=1)P*(aNndx[)
= *(da A *[)
= (da, ),
This gives us our result, since we have
(a,08), = (a, (=1)"PTD x g% 3),.
O

Definition 3.3.9. The Laplacian is a linear map of degree zero, A : AL* — AL*,
defined as A = dd + do.

Theorem 3.3.10 (Hodge decomposition theorem for Lie algebras, [2]). The Laplacian

satisfies the following properties:

1. The Laplacian s self-adjoint.

2. There is an orthogonal decomposition ker A & im A = AL*.
3. ker A = kerd Nker 0.

4. There is an orthogonal decomposition ker d = ker A @ im d.

5. There exists a vector space isomorphism H*(L) = ker A.

Proof. 1. If we denote the adjoint of a linear map T by T, then adjoint of the

Laplacian under the inner product (, ), is given by:
A = 9d+ dd = dd + do,

so A is self-adjoint.
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2. It is a standard result from linear algebra that if 7" is a linear operator, then
kerT = (imT)*. In our case, this tells us that ker A = (im A)*, therefore

AL* = ker A @ im A, and furthermore this decomposition is orthogonal.

3. Note that (0z,dy) = (x,d*y) = 0, so imd L imd. If x € ker A, then ddz +
dox = 0 and thus ddxr = 0 and doxr = 0. Now, kerd 1 imd and kerd L im0,
hence ddxr = 0 if and only if dz = 0, and dox = 0 if and only if dxr = 0.
Therefore x € ker d Nker 0, and so ker A C ker d Nker 9. The other inclusion is
obvious, since if x € kerd Nker 9, doxr = 0 and ddx = 0, so Az = 0.

4. Since x € ker 0 if and only if z L imd, and ker A = ker d Nker 0, it follows that
ker d = ker A @ im d.

5. Since kerd = ker A @ imd, ker d/imd = ker A.

3.4 Primary operations and AZ-modules

In the following, let Z be the centre of L. Recall that if R and S are algebras over
the same field, any algebra homomorphism p : R — End (S5) defines an R-module
structure on S, where End (S) is the algebra of linear maps on S under composition.
We will thus equip H*(L) with a AZ-module structure for a Lie algebra L by defining
amap i : H*(L) — H*(L) for each ( € AZ.

The following result is elementary but we include its proof for completeness.
Proposition 3.4.1. For z € L, the derivation i, induces a well-defined map H*(i,)
iof and only if z € Z.

Proof. (=) If H*(i,) is well-defined, then in particular, for w € L*, i,dw € imd.

For x € L, we have
(i,dw,x) = (dw,z )

= {w, [z 2]
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On the other hand, since i,dw € imd, we must have that i,dw = 0, since there are
no non-zero boundaries of degree 1. Since w was arbitrary, we see that [z, z] = 0 for
all x € L, or in other words, z € Z.

(<) Suppose that z € Z. It follows that (ad z)* = 0, and from lemma 3.1.3, this
is equivalent to i.d = 0. In degree 1, i,d = [d,i,]. Since [d,i,] is a derivation which

equals i.d on degree 1 elements, proposition 2.3.6 implies that [d,i.] = 0. O

Definition 3.4.2. A primary operation on H*(L), denoted H*(i.), is the map induced
on cohomology by the derivation i, for some z € Z. This is also a derivation of the
algebra H*(L). The primary operation is non-trivial if H*(i,) is a non-zero map on

cohomology.

Definition 3.4.3 ([4] page 1). The linear map i : Z — End H*(L) which maps z € Z

to H*(i,) can be inductively extended to a linear map
i:ANZ — End H*(L)

by dans(x) = i4(ip(x)) where |a| = 1. Note that i is then a homomorphism of algebras,
since for |z|, |y| = 1, izny = taiy, and i,i, = —iyi,. This map ¢ then gives H*(L) the

structure of a AZ-module, defined by

Definition 3.4.4. If AZ contains an element ¢ with deg ¢ > 1 such that H*(i¢) # 0,

then we say H*(L) possesses non-trivial AZ-module structure.
We now prove the theorem mentioned in the introduction.

Theorem 3.4.5. [4] Let L be a Lie algebra, let Z be the centre of L, and let 0 # 1 €

AI™Z 7 - The following are equivalent:
1. There exists an element w € H*(L) such that i;(w) # 0.

2. The algebra homomorphism i : AZ — End (H*(L)) is injective.
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3. H*(L) contains a free AZ-submodule.
Moreover if these conditions hold, then L satisfies the nil-TRC.

Proof. (1) = (2) For any non-zero ¢ € AZ, we have ((, (), # 0, hence ( Ax( is a non-
zero scalar multiple of 7 and H*(i¢oiy)(w) # 0, and in particular H*(i¢)(w) # 0,

thus 7 is injective.

(2) = (3) Since ¢ is injective, there exists w € H*(L) with H*(i;)(w) # 0. A similar
argument to the above shows that for arbitrary ¢ € AZ, H*(i¢)(w) # 0, thus w

generates a AZ-submodule of H*(L), necessarily free since it is isomorphic to

AZ.

(3) = (1) Let M C H*(L) be a free AZ-module. Pick any element w € M such that
ir () # 0.
To see that L satisfies the nil-TRC, note that H*(L) contains a free AZ-submodule,

SO

24mZ — dim AZ < dim H*(L).
O

Not every nilpotent Lie algebra enjoys a cohomology space containing free AZ-
submodules — see the next section for an example. Furthermore, if the nilpotency
condition is relaxed to solvability, the AZ-module structure may in fact be trivial.
This will clearly occur if L has a trivial centre; but even if Z # 0, there are a solvable
Lie algebras whose cohomology has a trivial AZ-module structure. One such example

is the 4-dimensional Lie algebra
L :=span{z,a, b, z|[a,b] = z, [a,x] = a,[z,b] = b}

an easy calculation shows z € Z but H*(i,) = 0. This simplifies a 7-dimensional

example given in [4].
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The situation with nilpotent Lie algebras is more interesting. In every exam-
ple which has been calculated so far, the cohomology enjoys non-trivial AZ-module

structure. This led Cairns and Jessup to pose the following conjecture in [4]:

Conjecture 3.4.6. For any nilpotent Lie algebra L, H*(L) has a non-trivial AZ-

module structure.
We see that this conjecture is trivially true when L is an abelian Lie algebra:

Example 3.4.7. Let L be an abelian Lie algebra. Then the differential d on AL*
is zero, and so H*(L) = AL*. Now if z € L, then i,(z) = 1. Since both z and 1
are cycles which are not boundaries, H*(i,) # 0 for all z € Z. Here, H*(L) is a free

AZ-module generated by a single element.

An abelian Lie algebra can be thought of as a “one-step” nilpotent Lie algebra. In
section 4.5, we prove that the above conjecture holds for two-step nilpotent algebras,

a new result.



Chapter 4

Two-step nilpotent Lie algebras

In sections 4.2, 4.3 and 4.4, we study three specific classes of nilpotent Lie algebras. In
section 4.5 we show that the cohomology of any two-step Lie algebra has non-trivial

AZ-submodules, a previously unknown result.

4.1 Two-step Koszul complexes

In this section, we fix some notation which we will use for the remainder of this
chapter.

Consider a two-step nilpotent Lie algebra L with centre Z. Recall that this
means [L, L] C Z, and we can write L = U @ Z, with U = span{z;|]1 < i < dim U}
and Z = span{z;|1 < j < dimZ}. We will choose corresponding dual bases of U*
and Z*, and construct the exterior algebra AL*.

We observe that the differential d is zero on U*, and maps Z* into A2U*. To

prove the first assertion, pick z € U*, a,b € L, and calculate the pairing
(dx,a Nb) = (z, [a,b]).

Since [a,b] € Z and every element of U* annihilates Z, (z, [a, b]) = 0.
To see that for any € Z*, dv € A2U*, observe that if z € Z and y € L, then
[z,y] = 0, therefore for any x € L*, (dz, 2z Ay) = 0. Thus the boundary of an element

39



40 4. TWO-STEP NILPOTENT LIE ALGEBRAS

of L* annihilates U ® Z and A%Z, and thus must lie in A2U*.

We end this section with three remarks.

Remark 4.1.1. There is a notion of a bigraded vector space, completely analogous to
a graded vector space.

For a two-step Lie algebra L = U @ Z, AL* is bigraded; we have
AL 2 AU @ ANZ*

and
(AL )P4 = NPT @ N1Z7.

An element w € AP7IU* ® A1Z* is said to have bidegree (p,q). We note that the

differential d is a derivation of bidegree (1, —1), ie:

d: AP @ NIZF — AP UF @ AT 7R

This follows from the Leibnitz rule and an induction argument, since d|z« : Z* —
AU,
It follows that kerd and imd are bigraded vector spaces, and so H*(L) is also

bigraded.

Remark 4.1.2. The previous remark can be used to give an alternative proof of lemma
3.3.5 in the two-step case. Indeed, if m := dimU and n := dim Z, the differential
maps

d . Am—2U* ® An+IZ* N AmU* ® AnZ*
but A"*1Z* = 0. Hence no non-zero element of A™U* @ A"Z* =2 AY™L[* Jies in the

image of d.

Remark 4.1.3. The Hodge star on AL*, denoted x, is defined relative to the dual basis
{5,...,2,, 27 ...z}, This turns AL* into an inner product space and allows us to

define the Laplacian A. The Hodge star on AU* relative to U’s ordered basis will be
denoted x. Note that on AU*, we have:

*r =F2] A--- Nzp AN*T
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This fact is used in the proof of theorem 4.3.4.

Remark 4.1.4. Suppose we wish to find an element w € AU* C AL* which is a
cycle but not a boundary. One approach is to look for w satisfying Aw = 0, since

ker A =2 H*(L). By theorem 3.3.10, w € ker A if and only if:

dv = 0

dxw) = 0.

The first condition gives us nothing new, since d(AU*) = 0. By remark 4.1.3, the

second condition becomes:
d(z1 ANz Axw) =0

The Leibnitz rule now shows that w € ker A if and only if dz; Axw = 0 for all . This

fact is used in the proof of theorem 4.4.1.

4.2 Free two-step nilpotent Lie algebras

The cohomology of free two-steps has been extensively studied and much is known; for
example see [16]. In this section we study the AZ-module structure of the cohomology
of free two-steps. We show that no free submodules exist, and that the module

structure is non-trivial.

Definition 4.2.1. As a vector space, F,,, the nth free two-step nilpotent Lie algebra,
is defined as

F,=U&Z

where U := span{e;|1 <i <n} and Z := span{f;;|1 <i < j < n}. The Lie brackets
are given by [e;, e;| = fi; for i < j; all other brackets follow from anti-symmetry. Note

that dim Z = (3).

"'While the above calculation ensures that a sufficient condition for an element x € AU* to not
be a boundary is to have dx = 0, this is not a necessary condition; clearly, dx = 0 if and only if
x € (imd)*, but it may happen that z € imd and = ¢ (imd)~.



42 4. TWO-STEP NILPOTENT LIE ALGEBRAS

If we choose a dual basis of F;,, say
leifll <i<n}U{fi1<i<j<n}
it is easy to see that d(f;) = ej Aej for i < j.

Proposition 4.2.2. For n > 1, the cohomology space H*(F,) does not contain any

non-zero free AZ-submodules.

Proof. By 3.4.5, it follows that H*(F,) contains a free AZ-submodule if and only
if there exists w € H*(F,) such that i, (w) # 0, where 7 is a non-zero element of
AdimZ 7

Let w be a representative of the class w in AF). We must necessarily have
w = uAT*, where u € AU* and 7* is a non-zero element of AY™Z 7* Since H*(i,) # 0,
we have u € imd. Since A2*F* C imd, |u| = 1.

Furthermore, since
T = fla AN fis A A f(*n—l)na
it follows by the Leibnitz rule that for all 1 <i < j <n,
du N fi;) = FuNe; Nej.

In particular,

uNejANey; = 0
ulNejNe; = 0
uNeyNe; = 0.

However, this is equivalent to

u € span{e], e}
u € span{e],es}

u € span{e, es}.
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Therefore, we may conclude that
u € span{e], e5} Nspan{e], e5} Nspan{es, e5} = 0.

This contradicts our assumption that i,(w) # 0, and so no free AZ-submodules

exist. 0

Remark 4.2.3. In the case n = 1, F} is simply the Heisenberg Lie algebra b; as defined
in example 2.1.11. Corollary 4.3.5 shows that H*(h;) contains a direct sum of two

free AZ-modules.

In section 4.5 we will see that all two-steps enjoy a non-trivial AZ-module struc-
ture. In the case of F},, we can do better than the generic result by exploiting the
structure of F,.

First, we recall Engel’s theorem.

Theorem 4.2.4. Let L be a nilpotent Lie algebra. Then there exists a basis {x; }1<i<n

such that fori,j satisfying 1 <1 < j <mn, [z;,x;] € span{xy|j +1 < k < n}.
An equivalent formulation of the above is the following:

Theorem 4.2.5. Let (AL*,d) be the Koszul complex of a nilpotent Lie algebra. Then
there ezists a basis {x}}1<i<n of L* such that for i satisfying 1 < ¢ < n, dx} €
A?span{zi|1 < k < i}.

Now, we present a result showing that a certain class of nilpotent Lie algebras
satisfies conjecture 3.4.6. This class contains representatives of arbitrarily high nilpo-

tency degree.

Theorem 4.2.6. Let L be a nilpotent Lie algebra, and let (AL*,d) be the correspond-
ing Koszul complex. Suppose that there exists z* € Z* such that dz* = a* N\ b*, with
a* and b* linearly independent, and let z € Z satisfy (2*,z) = 1. Then H*(i,) # 0.
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Proof. If da* = 0, then i,(z* A a*) = a* & imd, and hence H*(i,) # 0. A similar
argument can be made if db* = 0.

So assume that neither a* nor b* are elements of ker d. We show this leads to a
contradiction.

We differentiate 2* twice:
d*z* = da* ANb* — a* A db*
However, d? = 0, so we have
da* Nb* =a" ANdb*.
We may write
da* = vy Aa” +v] Ab*
db* = vy ANa"+uy Ab*

where v; € U*.

Let {x}}i<i<n be an Engel basis for L*. Without loss of generality, we may
assume r; = a* and xj = b*, with ¢ < j. But now, we have a contradiction, since for
i satisfying 1 <@ < n, dz} € A%span{z}|1 < k < i}.

Therefore one of da* or db* is zero, and so H*(i,) # 0. O

Now we apply the above result to F,.

Theorem 4.2.7. Let F), be the free two-step nilpotent Lie algebra with n generators
and centre Z. Then for all non-zero z € Z, H*(i,) # 0.

Proof. Forany 1 <i < j <n,df}; = ejAej. Therefore, by theorem 4.2.5, H*(iy,;) # 0.

For a non-zero z € Z, we write

z = Z Cij fi-

1<i<j<n
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Let ¢, 7 be the first index such that ¢;; # 0; now,

ZZ(f;;/\ej) = ifij(fierz)+iz_fij(fi>;/\€z<)
= e +0

= e ¢imd
0

Note that while theorem 4.5.1 only shows that H*(i,) # 0 for some z € Z, here

we are able to show that H*(i,) # 0 for all non-zero z € Z.

4.3 Free AZ-submodules, example 1

In this section, we study a class of Lie algebras whose cohomology enjoys some inter-
esting properties and in particular, contains free AZ-submodules.

For the remainder of this section, suppose L = U @ Z is a two-step Lie algebra,
with U even-dimensional, m := % and n := dim Z.

The results in sections 2.4 and 2.5 will be crucial here. In particular, recall

theorem 2.5.1, which constructs a vector space isomorphism:
n:so(U) — A*U*

We begin with some equivalent characterizations of a certain class of two-step

Lie algebras.

Theorem 4.3.1. Let {z]1 <i<n} and {z]|1 <i < n} be dual bases of Z and Z*.

The following are equivalent:

1. All elements in the vector space {n~'(dz*)|z* € Z*} C so(U) commute under
the Lie bracket on so(U).
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2. There ezists a basis of U*, {u}, v} }1<i<m, and a set of linear functionals {c¢; }1<i<n C
Z**, such that every z* € Z* has a boundary of the following form with respect

to this basis:

dz* = Z ci(2)uf ANvuf

1<i<m

3. There exists a basis of U*, {u}, v} i<i<m and a set of vectors in Z, {(;}1<i<m

(not necessarily linearly independent or spanning Z ) such that the differential
takes the following form:

Z ul Av; A,

1<i<m

Proof. (1) < (2) This is corollary 2.5.3 together with an induction on n.

(2) = (3) Assume that we have a basis {u}, v }1<i<m such that

[ Z
dz" = Z ci(z)u; Ao}
1<i<m
for every z € Z*. This implies that for any w € AL*,

dw = Z dzj N (w)

1<j<n

= ZZCZ Jui Aoy N, (w)

1<j<n 1<i<m

:Zu/\v/\ch )iz, (w)

1<i<m 1<j<n
— * * -
= E u; A vy A, (w)
1<i<m

where
Ci: Z CZ(Z;)Z]
1<j<n
(3) = (2) Note that the hypothesis gives
Z u; A v N (2).
1<i<m

Define ¢;(2) := i¢,(2). The result follows immediately.
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Remark 4.3.2. There is no loss of generality in assuming that dim U is even; it is not
difficult to see that if dim U were odd, condition (3) in the above theorem yields a

basis element x € U with i,d = 0; but lemma 3.1.3 now forces x € Z, a contradiction.

The following lemma establishes the behaviour of this class of Lie algebras under

two-dimensional extensions. We shall use it to prove a key structure result.
Lemma 4.3.3. Suppose the following hold:

1. L =U ® Z satisfies the equivalent conditions of theorem 4.5.1.

2. L =L ®span{u,v}, U=U @ span{u,v}.

3. The differential d on AL* is zero on u* and v*, and there is { € Z such that on

other elements d s given by
d=d+u* Av* A
where d is the differential on AL.

4. There exists a d-cycle w € AT ® N1Z*, which is non-zero in H*(L), for some

p and q.

Then there exists a d-cycle ' € APY2U* @ A9 Z*, with q < ¢ < q+ 1, which is

non-zero in H*(L).

Proof. Note that d(u* Av* Aw) = 0. If u AvAw & imd, we are done, so assume
u* Av*Aw = da for some o € APU* QAT Z*. Again we observe that d(u* Av*Aa) = 0.
If uw* Nv* ANa € imd, we are done, so assume u* A v* A a = df for some 3 €
APU* @ A972 7% We show that this leads to a contradiction, finishing the proof.

Write « as follows:

a=a;+u " ANag+v " Nag+u"Av"Aay
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where
o € AU @Az
a3 € APTIU @ AT Z*
ay € AU @ AITLZY
We compute the boundary of a:
da = doy +u* Av* Nicag —u* Adag — v* Adag +u* Av* Aday
= WAV Aw
So,
unoda = ey + day.
On the other hand, dao = u* Av* Aw and w € AL", which gives us
Tuppde = W

hence

w=ica; + day. (4.3.1)
Next we decompose 3 just as we did with o above:
B=014+u"APs+0"AB3+u" ANv*Apy
Since df = u* A v* A a and i,.,dB = a1, a calculation identical to 4.3.1 yields
a1 =i+ dBy.
Substituting the equation into 4.3.1 and using the fact that zg = 0 now exhibits w as
a d-boundary:
w = icay+ doy
= ic(icfr + dBa) + dou
= d(oy — icf)

Since we assumed w ¢ im d, this contradicts the assumption that u* A v* A o € im d,

and so u* A v* A « is our non-trivial d-cycle. O
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We now come to the main theorem of this section.

Theorem 4.3.4. Assume L satisfies the equivalent conditions of theorem 4.3.1. Then
the following hold:

1. H*(L) contains a direct sum of 2" free AZ-submodules.

2. For every p with 0 < p < 2m, there exists a cycle which is not a boundary in

(APU* ® AZ*, d).
3. dim H*(L) > 2™ - 2" + 2m.

Proof. Recall that we defined m := @ (remark 4.3.2 ensures this is an integer),

and n ;= dim Z.

1. For this part of the proof, we use the isomorphism H*(L) = ker A from section
3.3. Note that every ¢ with 0 <7 < 2™ has a binary expansion of not more than
m digits. If the jth digit is 0, let x; = uj; otherwise, if the jth digit is 1, let
r; = v;. Now define

mi:xl/\---/\xm

Observe that both k; and xx; annihilate uj A v; for all j, therefore k; and *k;
annihilate dz* for all z* € Z*. By the Leibnitz rule, it follows that for any ¢ €
AZ* d(k;\C) = 0, and from remark 4.1.3, we get 0(k; AC) = £xd(x(k;AC)) = 0.
By theorem 3.3.10, ker A = kerd N ker 9, hence k; A ( is a harmonic form in
ker A. This way we see that for every 0 <1 < 2™, we get a free submodule K,
generated by the harmonic elements {#; A (| = 27, A+ Az }, where ( ranges

over all monomials in the canonical basis of AZ*.

Since the x; are distinct monomials, the generators of all free submodules are
linearly independent elements of ker A C AL*. Because ker A ~ H*(L), the
generators are also linearly independent as elements of H*(L), and the sum of

the free submodules is direct.
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2. Write the differential as in part (3) of theorem 4.3.1:

d= Z ui Ay A,

1<i<m
Let Uj := 0, Uy := span{uj,v], ..., u;,v;}, and define a sequence of differen-
tials:
d() = 0
diy = uj Av A
dpy = Z ui Av; A,
1<i<m

Note that d,, = d.

Suppose w is a non-trivial cycle in (AU} @ A7Z*, dy). Now, we use lemma 4.3.3

with:
d = d
u = Uk
v = Vg

The lemma gives us a new non-trivial cycle in (A T2UF@AZ*, dy). For any k, we

can repeat this m—k times, and get a non-trivial cycle in (AJ 2= U*QAZ* d).

Now let j be the residue of p modulo 2, and let k := m — I%j. From remark
3.2.2, we have that (AU} ® AZ*,d;) contains a non-trivial cycle. The above

observation yields a non-trivial cycle in U-degree j + 2(m — k) = p.

. Part (1) gives us a collection of cycles {k;}o<icom in AU* and a monomial basis

of AZ*, {(;}o<j<n such that for every i,j, x; A (; is a non-trivial cycle. Part
(2) gives us a collection of cycles {wy}o<p<am With w, € APU* @ AZ*. Now for

p = m, it may happen that w, = k; for some ¢; for all p # m, w, and &;’s are
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linearly independent for degree reasons. So we see that
dim H*(L) > 2™ - 2" + 2m.

In particular, L satisfies the Toral rank conjecture, and the dimension bound

given in the TRC is a considerable underestimate in this case.

The above theorem allows us to prove a weaker form of a result from [14].

Corollary 4.3.5. The cohomology of the Heisenberg Lie algebra by, contains a direct
sum of two free AZ-submodules, and therefore b, satisfies the TRC.

Proof. 1f dim Z = 1, the conditions in theorem 4.3.1 are clearly satisfied, and theorem

4.3.4 applies. U

We note that our dimension estimate is slightly stronger than the one given for all
two-step nilpotent Lie algebras in [17], but it still underestimates the total dimension,

as the following example shows.

Example 4.3.6. Take the two-step nilpotent Lie algebra L = U & Z with U =

span{u;, v;|1 <i <5}, Z = span{z;|1 < j < 3}, with non-zero brackets:

[ur, 1] = =
[ug, v2] = 2
[ug,v3] = 21+ 2
[ug,v4] = 29+ 23
[us, vs] = 23

Choosing the dual basis in the usual way, we get the following values for the differ-
ential:

dzi = uj ANvj +us ANvy+uz Avs

dzy = uz A\Nv;+uy \vy

* * * * *
dzs = uy ANvy +ug Avg
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Table 4.1: Bigraded Betti numbers for H*(L), where p is the U-degree and ¢ is the

Z-degree
q

0 1 2 3
o[1 0 0 0
1110 0 0 0
2042 14 0 0
3090 118 8 0
4192 286 105 0
5140 204 294 40
6|0 105 28 92
Poglo 8 118 9
80 0 14 42
9lo 0 0 10
0o 0o o 1

We see that the dz; commute, so L satisfies the conditions of theorem 4.3.1.
Computer calculations were used to compute the bigraded Betti numbers shown
in table 4.3.6. Here the total dimension of H*(L) is 2688. The Toral Rank Conjecture
only suggests that H*(L) should have dimension at least 2* = 8. Part (3) in theorem
4.3.4 gives
dim H*(L) > 2°-2° +10 — 1 = 265

which is still a considerable underestimate.
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4.4 Free AZ-submodules, example 11

For the remainder of this section, suppose L = U @ Z is a two-step Lie algebra, with

U := span{z;|1 < i < 2m} for some m, and Z := span{zy, 22 }.

Theorem 4.4.1. Suppose that n < m, and there exists a permutation o of the integers

{1,...,2n}, and that

1<i<n
_ * *
dzy = Z CnTy(2i—1) N To(2i)
1<i<n

with {c;}1<i<n a set of non-zero scalars.

Let Gy be the graph with vertices labelled by {x; }1<i<on, and set of edges (xo;—1, Ta;)1<i<n-
Let Gy be a graph sharing the same vertices, but having edges (To(2;-1y; To(2i))1<i<n-

Then H*(L) contains a direct sum of 2¢ free AZ-submodules, where c is the

number of distinct 2-colourings of G1 U Gs.

Proof. We prove this result by constructing a set of 2¢ elements a; € A"U™* which are
independent in H*(L), such that for all i, ; and xa; annihilate dz] and dz3.

First, suppose that linearly independent monomials «; exist. We immediately
see that d(z7 A 25 A o;) = 0 and d(z] A 25 A xa;) = 0 by the Leibnitz rule. From
remark 4.1.3, we see that the latter condition is equivalent to d(*«;) = 0, where * is
the Hodge star on AL*. Now, d(xa;) = 0 if and only if xd(xa) = £da; = 0. Since
doa; = 0, we see that Aa; = 0. Hence H*(iy.,) i non-zero, as it maps the class
(27 A 25 A ;] to the non-zero class [a;]. By theorem 3.4.5, this shows that H*(L)
contains free AZ-submodules generated by [z} A z5 A «;].

Since the «; are linearly independent monomials in ker A C AL*, and because
ker A = H*(L), they are linearly independent elements of H*(L).

We construct the «; as follows.
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Note that G; and G5 are both clearly 1-regular graphs. From lemma 2.6.8, we
know that G admits 2¢ 2-colourings, where c¢ is the number of cycles in G. Denote
these 2-colourings f; : V/(G) — {1,2}, with 1 < < 2°

Let A; = f71(1), B; = f;*(2), and define a;, 3;:

o; = ||I

T*CA;

Bi = HiU

T*EB,;

Since all vertices in A; have the same colour, no two share an edge in G. This means
that no dz; contains a term x; Az; where both 7 and z} appear in A;, for if they did,
then G would contain the edge (x;, x;), which would contradict f; being a 2-colouring
of G.

Since A; has n elements, it follows that each term of dz; contains ezactly one
element from A;. Therefore, a; annihilates all dz}.

Note that *xa; is a non-zero multiple of (;, and that [; also annihilates dz] and
dz;.

Thus, [a; A 27 A 23] generate free AZ-submodules of H*(L). O

Example 4.4.2. Let L = U & Z be a nilpotent Lie algebra where

U = Span{xb T, T3, T4, Ts, x6}7

= span{zy, 22},
and the differential d for the Koszul complex (AL*, d) is given by

dzi = z]Nzy+ a3 Nay+ x5 A xg

* _ * * * * * *
dzy = x] Nxy+ x5 N\Nxs+ x5 A xg.

The permutation o has cycle decomposition (24).
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Now the graph G, where the edges correspond to summands of dz;, looks like:

T Zs3 Ts

T2 Xy Te

and the graph (G5, where the edges correspond to summands of dzs, looks like:

T ZT3 Iy

X

T2 T4 Te

Their union is a 2-regular graph consisting of two disjoint cycles:

T xs3 X5

R

T2 T4 Te

There are two distinct 2-colourings of the first cycle, (2} x5 x% 27):
e Black: 7, x5 White: 23, 2}
e Black: z3,x; White: 27, z}
There are two distinct 2-colourings of the second cycle, (zf xf):
e Black: z; White: a7
e Black: zg White: a7

So we have four distinct 2-colourings of G:

Black: z7, 25, 2 White: a3, x}, x§

Black: 3, z}, 2 White: a7, 25,z

Black: z7, 25, xf White: a3, x}, xf

Black: z3, z}, xf White: a7, x3, xf
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Using theorem 4.4.1, we can identify four free AZ-submodules of H*(L), generated
by:

o [ZI ANaf ANxEN 2T A 2]
o [zhNxf NxENZT A 2
o [ZI NXEANTENZT N 2
o [ZhNxf NxE AT N 2
It is easy to see that their sum is direct.

Example 4.4.3. The nilpotent Lie algebra already explored in example 3.2.3 also
satisfies the conditions of theorem 4.4.1. Recall that:

* _ * * * *
dzy = ] Nxy+a5Nxy

* — * * * *
dzy = x] Nxs+ 25N\ x)

Here, 0 = (23).
As we have already seen, the cohomology contains two free AZ-submodules,

generated by [z7 A xf A 2] A 23] and [25 A x5 A 2 A 25).

4.5 The non-triviality of the AZ-module structure

The goal of this section is to prove the following result:

Theorem 4.5.1. Let L := U @& Z be a two-step nilpotent Lie algebra with centre Z.
Then for every q with 1 < q¢ < dim Z*, there exists z € Z and w € ker dN(AU*®@ANI1Z*)
such that i,(w) & imd.

We begin with a structure result for nilpotent Lie algebras.
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Proposition 4.5.2. Any nilpotent Lie algebra L has an ideal I of codimension 1,

and the short exact sequence of Lie algebras
0—-I—-L—L/I—0
gives a sequence of Koszul complexes
(A(L/T)*,0) — (A(L/I)* @ AI*,d) — (AI*,d).
If we let u be a spanning vector for (L/I)*, then
1. (ML/I)* @ AT*,d) = (AL*,d).
2. d=d+uN0 where § : AI* — AI* is a derivation of degree 0.

3. [0,d] = 0.
Proof. By theorem 4.2.5, there exists an Engel basis {x;}1<;<, for L, such that for
i,j satisfying 1 <7 < j < n, we have [z;, z;] € span{xy|j + 1 < k < n}. Hence, if we

let I :=span{zs,...,x,}, then [L,I] C I, and thus I is an ideal of codimension 1.
1. We have
AI"@ A(L/I) = NI"® (L/1)") = AL".
2. Note that (AI*,d) is the Koszul complex of I, and =0

By part (1), an element x € AL* can be written uniquely in the form z =
a+uA B, with a, 8 € AI*. Therefore, for any x € AI*, do = dz + u A 3, for
some unique § € AI*. We define 0 by setting 6x := [3.

We note that 0z = i,dx, and that i, is zero on AI*. Clearly 6 is a map of degree

zero. A short calculation shows that 6 is a derivation:
Olanb) = idu,d(and)
= dy(da Ab+ (—1)a A db)
= (iyda) Ab+ (=Dl (=)l A (i,db)
= (iyda) Ab+ a A (i,db)

= OaANb+aNbOb
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3. Finally, we must show that [d, ] = 0. We have:

d’r = (d+un0)(d+unb)(r)
= d(z) +d(uAbz) +u A bdz +uAO(u A Ox)
= d(uN0z)+uA0de
= —uAdfz+uAbdx

= uAn|[f,d]

But d?> =0, so u A [0, d]. Since [#,d] € AI* and multiplication by u is injective
on AI*, we conclude that [0, d] = 0.

O

The proof of theorem 4.5.1 is by induction on dim U. Using the above proposition,
we begin with an ordered basis of U*, say {uy,- -, u,,}, and then write the differential
d on AL* as follows:

d=u N0y + -+ up Ay,

An increasing filtration of U*, together with a sequence of differentials, is given by
U; = span{uy, ..., u;} and d; = Z1gjgi uj A 0;, where d; : AU, @ AZ* — AU, @ AZ*.
The base case of the induction requires an element z € Z such that the primary

operation

i, (AU @ N1Z*,0) — (AU @ A1 Z*)0).

is non-trivial in cohomology. Recalling example 3.4.7, we observe that since H*(AU;®
A1Z*0) = (A1Z%,0), i : Z — End (AZ") is injective.

At each step of the induction, we produce a non-trivial primary operation

i (AU @ NZ* dy) — (AU @ A1 Z% dy)
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We use the following notation in the remainder of the proof:

0 = Qk
K = 0(Zr)CUr

u o= ug

' = Uoz
d = dp_,
d = dy

The inductive step begins by assuming the existence of an d-cycle w € APU* @ AIZ*
such that for some z € Z, i,(w) ¢ imd. The goal here is to produce a new cycle
w' € AP'Uf ® NZ* such that p < p/ < p+dim Z and for some (possibly different)
2 € Z,i,(W) &imd. The proof of the inductive step proceeds via four lemmas and

a nested induction.
Lemma 4.5.3. Ifa € AY™EK | then o Aw € kerd.

Proof. Note that o annihilates every element of §(AZ*), and so
uNaAbw=0
Furthermore, since o € AU,
dlaAw) = (—1)aAdw=0

Hence,

dlaNw)=dlaANw)+uNaNbw=0
This ends the proof of lemma 4.5.3. O
Lemma 4.5.4. Let 1 <[ < dim K. If for all v € A'K and for all z € Z, i,(y A

w) € imd, then for every a € A"'K, there exists 3 € APH7IU* @ A1Z* such that
dlaNw+uAp)=0.



60 4. TWO-STEP NILPOTENT LIE ALGEBRAS

Proof. Let a € A'K. Since d(a Aw) =0,

dlahw) = uNblaAw)
= u/\zez;/\izj(a/\w)
J

= —u/\ZiZj(Hz;‘/\@/\w)

J
Now, for all j, 627 Aa € A'K. Our assumption implies that iz (027 Na A w) € imd.
Therefore for each j, there exists 3; € APH1U* @ A1Z* satisfying

dB; =1i.,(02; N Aw)
We define 3 := Y. 3;. Note that g € AP"'~'U* ® AZ* and that
dunp)=—-uAndB=unaAbdw

Now a simple calculation shows that a Aw+u A 3 is a d-cycle, as required. This ends

the proof of lemma 4.5.4. O
Lemma 4.5.5. If z € AL € AL* and z & imd, then x + u Ay & imd for any
yeAL".

Proof. Suppose that for some a,b,y € AL, d(a+uAb) =x+uAy. Then,

dla+uAb)=da+urfa+undb=x+uNy

Since i,(z) = 0 (intuitively,  does not have a summand which is a multiple of u),
it follows that z = da and y = fa + db. But this contradicts the assumption that
z & imd. Therefore  +u Ay & imd. This ends the proof of lemma 4.5.5. 0

Lemma 4.5.6. Suppose 0 < [ < dim K, and that for each o € N'K, there exists 3
such that d(a Aw +u A 3) = 0. Then either:

1. there exists z € Z such that
i.(a Nw+uAp)&imd

(this is always the case if | =0)
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2. or, the hypotheses of lemma 4.5.4 are satisfied.
Proof. We consider the two cases:

1. If for some o € A'K, there exists z € Z with i,(a Aw) € imd, then lemma 4.5.5
forces

(laANw+uAf)=i(aANw)—uNi,f¢imd

and so 7, maps the non-trivial cycle a« A w 4+ u A § to a non-trivial cycle, thus

H*(i,) # 0 and we are done.

If I =0, then a € R, 50 i.(aw) = ai.(w) € imd by the inductive hypothesis.

2. The only other possibility now is that for all & € A'K and for all z € Z,

i.(a Aw) € imd. In this case, the hypotheses of lemma 4.5.4 are satisfied.
This ends the proof of lemma 4.5.6. O

Using the above results, we are able to proceed with the inductive step itself,

namely that there exists a € AK satisfying the following two properties:
e For some € APTI=1U* @ N1Z* oo Aw +u A B € kerd
e Forsome z € Z, i,(a Aw+uAf) ¢imd

We begin by looking for o in AY™X K. Lemma 4.5.3 gives a d-cycle a A w for
a € ANMMEK . We apply lemma 4.5.6 with [ = dim K and 3 = 0. We either get
a non-trivial primary operation in which case we are done, or we are able to apply
lemma 4.5.4 to reduce [ by one, and apply lemma 4.5.6 again. This process eventually
terminates because lemma 4.5.6 always yields a non-trivial primary operation if the
hypotheses are satisfied and [ = 0.

This closes the induction and completes the proof of theorem 4.5.1.

We have thus established conjecture 3.4.6 in the case where L is a two-step

nilpotent Lie algebra. We also get an immediate corollary.
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Corollary 4.5.7. For every q with 0 < q < dim 7, there exists a non-trivial cycle in

(AU* @ A1Z*,d). Furthermore, if ¢ < dim Z, this cycle is in the image of a primary

operation.

Proof. We consider two cases:

e For ¢ > 0, the theorem yields a non-trivial cycle w € AU* ® A1Z*.

e For ¢ = 0, use the theorem to produce a non-trivial cycle w € AU* ® Z* which

satisfies i,(w) & im d for some z. Now i,(w) € AU* is a non-trivial cycle.

O

Example 4.5.8. We will use this theorem to show that the cohomology of the Lie

algebra of example 3.2.3 has a non-trivial AZ-module structure.

Let L :=U & Z, where U = span{x, 9, x3, 24} and Z = {21, 22}, with

1, T2
['773’ ZB4]
1, 73]

2, 74]

and all other brackets zero.

Under the corresponding dual basis, the differential is defined as follows:

* _ * * * *
dzy = ] Nxy+a5N\xy

* _ * * * *
dzy = x] Nz +2x5N\x)

21

21

zZ9

zZ9

(AU @ANZ*, dy) We can take H*(i.,) as our operation, since dy = 0 and H*(i,,)(2}) =

10,

(AU @ AZ*, dy) Since U; = span{z}}, we have that #; = 0, so again we can take

H*(i,,) as our operation, because H*(i,)(z]) =1 # 0.
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(AUs @ AZ*,dy) Let u := x5. We make the following calculations:

* %
Uy = span{z], x5}
* *
622; =0

K = span{z]}

Now 27 is a suitable orientation of AK, and by lemma 4.5.3, 27 A 2] is a cycle. This
is a non-zero cycle, since H*(i,, ) (2] A 2f) = —a} ¢ imd.

(AUs ® AZ*,d3) Let u := x35. We make the following calculations:

* * *
Us = span{af, x5, x3}

9321< =0

* *

K = span{x}}

Again, x7 is a suitable orientation of AK. Since z7 A 27 A 2 = 0, lemma 4.5.4 tells
us that 27 A 27 is a cycle in (AUs ® AZ, d3), and we are done.
(AUf ® AZ*,dy) Let u := xj. We make the following calculations:

* *
Uy = Spa’n{xlv Ty, T3, ZE4}
* *
* *

K = span{x, x5}
We pick 23 A x5 as an orientation of AK. Note the following:

in (TS NTZ AT ANZ]) = —a5 Axy A
= d(a] A z)

iy N3 AT A2Z]) = 0
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Lemma 4.5.6 implies that for all k € K, 0,(k Az} A 2]) € imdy. We compute:

Ou(zy Ny A z)) = —x5 ANy Axy = dy(xs A 25)

Ou(zs N2 Az)) =0

So we have:
dy(zi Aoy AN 20) = ds(ay ANa] A zy) +ap AO(xh Azl A 2]
= xy Ndy(z5 N 23)
= dy(—z3 N5 N 25)
Therefore:

dy(xs Ny Nzl —xy Nas ANzy) =0

We are done, since H*(i,, ) (x5 A xf A 2] — xf A xh A z5) = af A & imdy, thus

H*(iz,) # 0.



Chapter 5

Open problems

We hope this thesis has inspired the reader to look further and investigate the fol-

lowing problems:

e Cairns and Jessup conjectured that theorem 4.5.1 holds for all nilpotent Lie
algebras. While we have answered the conjecture affirmatively for two-steps,

this problem is still open for Lie algebras of nilpotency degree greater than 2.

e In section 4.2, it was shown that if F), is a free two-step nilpotent Lie algebra
with centre Z, then for all non-zero z € Z, H*(i,) # 0. Section 4.5 shows
that for any nilpotent Lie algebra L, there exists some non-zero z € Z with
H*(i,) # 0. All calculations performed to date lead us to believe that the
stronger form of the statement which is true for free two-steps actually holds
for all two-step nilpotent Lie algebras, however we were unable to prove or

disprove this fact.

e While free two-steps do not have free AZ-submodules, there is no free two-step
with centre of dimension two. The results in sections 4.3 and 4.4 seem to suggest
that perhaps all two-steps with centre of dimension two have cohomology spaces

with free AZ-submodules.

e The Toral rank conjecture (1.0.1) is still open.

65
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